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1 Introduction 

The concept of "table algebra" was introduced by Z. Arad and H. Blau in 
PQ in order to study in a uniform way properties of products of conjugacy 
classes and of irreducible characters of a finite group. 



DEFINITION. A table algebra (A, B) is a finite dimensional, commu- 
tative algebra A with identity element 1 over the complex numbers C, and 
a distinguished base B = {b% = 1, 62 , • ••> b^} such that the following prop- 
erties hold ( where a) denotes the coefficient of 6j in a 6 A, a written 
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as a linear combination of B; and where R* denotes R + U {0}, the set of 
non- negative real numbers): 

(I) For all i, j, m, bibj = Y^ m ^ijmb m with <5jj TO a nonnegative real number. 

(II) There is an algebra automorphism (denoted by ~) of A, whose order 
divides 2, such that bi S B implies that bi € B. ( Then i is defined by 
h = bi). 

(III) Hypothesis (II) holds and there is a function g:B x B — > R + (the 
positive reals) such that 

(b m , bibj) = g(bi, bj) ■ (bi, bjb m ), 

where g(bi,b m ) is independent of j for all i, j, m. 

B is called the table basis of (A, B). Clearly 1 £ B, we always use 
b\ to denote base element 1, and B$ to denote B \ {bi}. The elements of 
B are called the irreducible components of (A, B), and nonzero non- 
negative linear combinations of elements of B with coefficients in R + are 
called components. If a = Ylm=i ^mb m is a component (\ m E R*) then 
Supp{a} = {b m \X m y^z 0} is called the set of irreducible constituents of 
a. An element a € A is called a real element if a = a. 

Two table algebras (^4, B) and (A 1 ', B') are called isomorphic (denoted 
B = B') when there exists an algebra isomorphism ip : A — > A' such that 
ip(B) is a rescaling of B'\ and the algebras are called exactly isomorphic(denoted 
B ^ x B') when tp(B) = B' . So B ^ x B' means that B and B' yield the 
same structure constants. 

Proposition 2.2 of p] shows that if (A, B) is a table algebra, then there 
exists a basis B' , which consists of suitable positive real scalar multiples 
b' i of the elements bi of B, glb^b'j) = 1 for any b[, b'j € B' . Such a ba- 
sis B' is called a normalized basis. Now Suppfi'^b'^ ■ ■ ■ b' it ) consists of 
the corresponding scalar multiples of Supp^^b^ ■ ■ ■ bi t ), for any sequence 
il, %2, it of indices. So in the proof of any proposition which identifies 
the irreducible constituents of a product of basis elements, we may assume 
that B is normalized. 

Suppose that B is normalized. It follows from (III) and [Tj Sect. 2 that 
A has a positive definite Hermitian form, with B as an orthonormal basis, 
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and such that 

(a, be) = (ab, c) 

for all a, b, c G 7ZB. 

It follows from Section 2 in pQ that there exists an algebra homomor- 
phism f from A to C such that f(B) C For an element b & B, f(b) is 
called the degree of b. 

Each finite group G yields two natural table algebras: the table algebra 
of conjugacy classes (denoted by (ZC(G), Cl(G))) and the table algebra of 
generalized characters (denoted by (Ch(G), Irr(G)). 

Both table algebras arising from group theory have an additional prop- 
erty: their structure constants and degrees are non-negative integers. Such 
algebras were defined in [9] as integral table algebras (abbrev. as ITA). 

Each of the elements of a table algebra is contained in a unique table 
subalgebra which may be considered as a table subalgebra generated by 
this element. So it is natural to start the study of integral table algebras 
from those which are generated by a single element. Normalized integral 
table algebras (abbrev. as NITA) generated by an element of degree 2 were 
completely classified by H. Blau in [5]. 

The finite linear groups in dimension n < 7 have been completely clas- 
sified. See Feit [15] . Deep theory and properties of finite groups are heavily 
used for the proofs. For n=2, 3, 4 see Blichfeldt [llj. For n=5 see Brauer 
|12j . For n=6 see Lindsey |18j . For n=7 see Wales |19| . In order to gener- 
alize these results to normalized integral table algebra, the authors began 
to classify normalized integral table algebras (A, B) generated by a faithful 
non-real element of degree 3 and without nonidentity irreducible elements 
of degree 1 or 2 in [13], and came to the following theorem: 

Theorem 1.1. Let (A, B) be NITA generated by a non-real element 63 G B 
of degree 3 and without non-identity basis element of degree 1 or 2. Then 
6363 = 1 + 6g and one of the following holds: 

(1) (A, B) ^ (Ch(PSL(2,7)), Irr(PSL(2,7)); 

(2) 6| = 64 + 65, where 64 G B and 65 G B. 

(3) b\ = 63 + bQ, where b§ G B nonreal; 
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(4) h\ = c 3 + b 6 , where c 3 , b 6 € B and c 3 / 6 3 , b 3 ; 

The purpose of this paper is to investigate NITA generated by a non-real 
element 63 and satisfies (2), (3) and (4) in Theorem 11.11 The following 
theorem is proved: 
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Main Theorem 1. Let (A, B) be NITA generated by a non-real element 
63 G B of degree 3 and without non-identity basis element of degree 1 or 2. 
Then 6363 = 1 + b$, 6g G B and one of the following hold: 

(1) There exists a real element b§ G B such that 63 = 63 + b§ and 
(A, B) ^ x (Ch(PSL(2,7)), Irr(PSL{2J)); 

(2) There exist 64, 65 G B such that 63 = 64 + 65, (636s, 636s) = 3 and 
K bl) = 3. 

(3) There exist b$, 610,615 G B, where b^ is non-real such that 

63 = 63 + 66, 6366 = 63 + 615, 6 3 6 6 = 6 8 + 6i . 

and (6363, 6363) = 3. Moreover if 610 is real, then (A, B) = x (CH(3 • 
A 6 ), Irr(3-A 6 )); 

(4) There exist C3, be G B, C3 7^ 63, 63, such that b 3 = C3 + &6 and either 
(6 3 6 8 , 6 3 6 8 ) = 3 or 4. 

When (6368, 636s) = 3. If c 3 is non-real, then (A, B) is exactly isomor- 
phic to (A(3 ■ A 6 ■ 2), B 32 ) (see Theorem 7.2). If c 3 is real, then (A, B) 
is exactly isomorphic to the NITA (A{7 ■ 5 • 10), B22) of dimension 22. (see 
Theorem 8.1). 

Proof. The theorem follows from Theorems 1.1, 3.1, 5.1, 7.2. 

2 Two NITA Generated by a Non-real element of 
Degree 3 not derived From a Group and Lem- 
mas 

Here are two examples of NITA not induced from group theory, which has 
either 32 or 22 basis elements. The NITA of dimension 32 contains a subal- 
gebra that is strictly isomorphic to the algebra of dimension 17 of characters 
of the group 3 • Aq, we denote it as (A(3 ■ Aq ■ 2), B32), where its basis is 
B 3 2- 

For i?32 there are three table subsets: {1} C C C D C B, where 

C = {1, 6 8 , xio, 65, C5, c 8 , z 9 }, 
D = Cu{c 3 , c 3 , d 3 , d 3 , eg, c 9 , 6 6 , 6_ 6 , y 5 , y 15 }, 
B32 = DU{b 3 , 63, r 3 , x e , x e , s 6 , 69, 69, xi 5 , x 15 , t 15 , dg, y 3 , z 3 , z 3 }. 
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From the below equations one can check that B32 has the following table 
subsets: {1} C C C E = Cl){r^, s$, ti$, dg, 2/3} C £? 32 . The table subsets 
E and D are two maximal table subsets of U32. 

The structure algebra constants of C. 





= 1 + X9 + X10 + &5, 




= c 8 + b 8 + x 9 , 


hcs 


= c 5 + c 8 + b 8 + x 9 + xio, 


hbs 


= c 5 + c 8 + b 8 + x 9 + x w , 


hxg 


= c 8 + c 5 + b 8 + 65 + x 9 + a; 10, 




= C 8 + 6 8 + X 9 + 65 + 2xio, 




= 1 + X9 + X10 + C5, 


C5C8 


= b 5 + C 8 + b S + Xg + Xio, 


C5&8 


= b 5 + c 8 + b 8 + x 9 + Xio, 


C5X9 


= b 8 + c 8 + 65 + C5 + x 9 + xio, 


C5X10 


= 6 8 + c 8 + x 9 + c 5 + 2xio, 



6§ = 1 + 65 + c 5 + c 8 + 26 8 + x 9 + 2xio, 
6 8 x 9 = 65 + c 5 + 2c 8 + b 8 + 2x 9 + 2xio, 
6 8 xio = 65 + c 5 + 2c 8 + 26 8 + 2x 9 + 2xi . 



cj = l + 6 5 + c 5 + 2c 8 + 6 8 + x 9 + 2xi , 

c 8 b 8 = 65 + c 5 + c 8 + 6 8 + 2x 9 + 2xio, 

c 8 x 9 = 65 + c 5 + c 8 + 2fe 8 + 2x 9 + 2xio, 

c 8 xiq = 65 + c 5 + 2c 8 + 26 8 + 2x 9 + 2xi , 

x\ = l + 6 5 + c 5 + 2c 8 + 26 8 + 2x 9 + 2xio, 

X9X10 = fr 5 + c 5 + 2c 8 + 26 8 + 2x 9 + 3xio, 

x{ = 1 + 26 5 + 2c 5 + 2c 8 + 26 8 + 3x 9 + 2xio, 

The structure algebra constants of D (Since C C D we will not repeat 
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the equations of C as shown above): 







1 -1- ha 






+ 6r 






^9 5 


c 3 a 3 






tin 

C3 U 6 




c 3 T t/15, 


C3^6 


= 


&8 + a?io, 


C3C9 




^3 + C9 + 


c 3Cg 




r*r\ 1 T* r\ 1 -If* i r\ 

^8 t t Xio, 


C32/15 




06 + tylS + C9, 


C32/15 




°5 + C5 + C8 + 6g + %9 + ^10, 


C3&8 




C3 + &6 + 2/15, 


C3^10 




i>6 + Cg + J/15, 


C3&5 






C3C5 




2/15, 


C3C8 




2/15 + Cg, 


C3^9 




J/15 + C9 + C?3, 


, 7 

U3 CI3 




1 -|- C8, 


u 3 




u. 3 fg, 






-1- Tin 
"-8 •''lU > 






4 + yis, 


d%Cg 




6 8 + Xg + X10, 


C?3C9 




C3 + 2/15 + C9, 


^32/15 




&5 + C5 + C 8 + 6 8 + Xg + X10, 


dzyib 




2yi5 + h + eg, 


d?,b& 




eg + 2/15, 






2/15 + &6 + Cg, 


dsh 




2/15, 


^3C5 




2/15, 


^3C8 




2/15 + &6 + d 3 , 


^3^9 




2/15 + c 3 + c 9 , 
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lit. \ si 1 1 1-. 1 ,10 

— 1 + »5 + C5 + C 8 + 0$ + Xg, 


°6 


— ^06+2/15+Cg, 


»6Cg 


= 2yi 5 + 2c 9 + 6 , 


hc 9 


= 65 + C5 + c 8 + 6 8 + 2xg + X W , 


062/15 


= 65 + c 5 + 2c 8 + 2b 8 + 2x 9 + 3x 


&62/15 


= 4yi 5 + 6 6 + c 3 + d 3 + 2c 9 , 


b&b 5 


= b 6 + yi 5 + Cg, 


hc 5 


= 2/15 + b 6 + Cg, 


hc 8 


= G?3 + »6 + 2yi 5 + Cg, 


bebs 


= c 3 + 6 6 + cg + 2yi 5 , 


b 6 x 9 


= 2yi5 + 6 6 + 2c 9 , 


b 6 x w 


= 3yi5 + c 3 + d 3 + c 9 , 



2/152/15 = 1 + 36 5 + 3c 5 + 5c 8 + 56 8 + 6x 9 + 6x10, 

J/15 = 9yi5 + 46 6 + 2c 3 + 2o! 3 + 6c9, 

2/15&5 = 3yi 5 + o 6 + c 3 + d 3 + 2c 9 , 

2/15C5 = 3yi 5 + 6 6 + c_ 3 + cZ 3 + 2c 9 , 

2/i5C 8 = 5yi 5 + c 3 + d 3 + 26 6 + 3c 9 , 

2/i5»8 = %15 + c 3 + ci 3 _+ 26 6 + 3c 9 , 

yi5X 9 = 6yi 5 + 26 6 + d 3 + c 3 + 3cg, 

2/15^10 = %L5 + 3&6 + C 3 + rfg + 4cg, 

CgCg = 1 + 2c 8 + 26 8 + 2x 9 + 2xio + C 5 + 65, 

4 = 3yi 5 + ds + c 3 + 26 6 + 2c 9 , 
C92/15 = 6yi 5 + 26 6 + c 3 + (i 3 + 3cg, 
c 9 yi 5 = 26 5 + 2c 5 + 3c 8 + 36 8 + 3x 9 + 4xi , 

Cg0 5 = 2yi 5 + 6 6 + Cg, 
CgC 5 = 2yi5 + &6 + Cg, 
c 9 o 8 = 3y 15 + d 3 + 6 6 + 2c 9 , 

CgC 8 = 3yi 5 + 6 6 + C 3 + 2c_g, 

cgxg = c 3 + 2cg + 3yi 5 + d 3 + 26 6 , 

CgXiQ = C 3 + 2cg + 4j/i 5 + (j 3 + h, 

Prom the equations one can see that C and D are table subsets of B^- 
Furthermore the NITA subalgebra (< D >, D) of dimension 17 is strictly 
isomorphic to (CH(3 ■ Aq), Irr(3 ■ Aq)) while our NITA of dimension 32 is 
not induced from a finite group G. 
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The following equations give out other products of basis elements in B 3 2 ■ 



6363 = 1 + h, 
63 = c 3 + b 6l _ 
b 3 r 3 = c 3 + 6 6 , 
63X6 = c 3 + 2/15, 
6 3 x 6 = b 8 + xio, 

b 3 S 6 = C 3 + y 15 , 

b 3 bg = 2/15 + c 9 + d 3 , 
6369 = x 9 + c 8 + xio, 
63^15 = 6 6 + 2yi5 + c 9 , 

63^15 =_&5 + C5 + 6 8 + Cs + X 9 + Xi , 

63*15 = h + c 9 + 2yi 5 , 
b 3 d 9 = c 9 + J/15 + d 3 , 
b 3 y 3 = c 9 , 

^3^3 = Xg, 
b 3 Z 3 = Cg, 

b 3 b 8 = b 3 + x 6 + X15, 

63X10 = X 6 + X15 + 6 9 , 
6365 = X15, 
63C5 = X15, 
63C8 = X15 + 6 9 , 
63^9 = Z 3 + bg + X 15 , 

63C3 = r 3 + s 6 , 
63C3 = 63 + Xq, 

b 3 d 3 = bg, 
b 3 d 3 = dg, 

b 3 Cg = t 15 + dg+y 3 , 
b 3 Cg = bg + X15 + Z 3 , 

b 3 b 6 = r 3 + t 15 , 
b 3 b 6 = b 3 + X15, 
b 3 y 15 = se + 2ti 5 + d 9 , 
632/15 = ^6 + 2x15 + 6 9 . 



9 



rf = 1 + 68, 
^6 = c 3 +yi 5 , 
^3^6 = ^8 + ario, 
^3&9 = d 3 + c 9 + y 15 , 
r 3 x 15 = b 6 + c 9 + 2yi 5 , 

^3*15 = &5 + C 5 + &8 + C 8 + Xg + Xio, 

r 3 <ig = c 8 + xg + a; io, 

^32/3 = Xg, 
^3^3 = Cg, 

^3&8 = S 6 + r 3 + ti 5 , 
^3^10 = «6 + *15 + ^9, 
^3&5 = *15, 
^3C5 = *15, 
^3C8 = *15 + ^9, 
r 3 x 9 = t 15 + cZ 9 + 7/3, 

^3C 3 = 63+^6, 
^3 =bg, 

r 3 Cg = 69 + X15 + Z 3 , 

r 3 b & = S15 + 63, 

7-32/15 = ^6 + 2xi5 + bg, 



X% = 2b 6 + J/15 + Cg, 

X6X6 = 1 + &8 + &5 + C5 + C8 + Xg, 

X 6 S 6 = 26 6 + Cg + yi 5 , 

X 6 6g = 6 6 + 2cg + 2yi 5 , 

X6bg = 65 + C 5 + X10 + 6 8 + C 8 + 2x 9 , 

X 6 Xi 5 = %i 5 + b 6 + 2cg + d 3 + C 3 , 

x 6 xi 5 = 65 + c 5 + 26 8 + 3xio +_2c 8 + 2x 9 , 

2^6*15 =_C3 + d 3 + 2cg + 4j/i 5 + 6 6 

x 6 d 9 = 6 6 + 2c 9 + 2yi5, 
X&V3 = d 3 + yi 5 , 

3^3 = ^10 + C 8 . 
2?6^3 = C?3 + 2/15, 

xeb 8 = b 3 + x 6 + 2x15 + &9, 

X 6 Xi = bg + 63 + Z 3 + 3X15, 
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xeh = x 6 + 69 + xi 5 , 

X6C 5 = x 6 + 69 + X15, 
x 6 c 8 = x 6 + 69 + 2x i5 + z 3 , 

X 6 Xg = 26g + X 6 + 2X15, 

X6C3 = r 3 + ti 5 , 
X6C3 = b 3 + Xi 5 , 
X6(k = Z 3 + Xi 5 , 
2^3 = V3 + tl 5 , 

x 6 cg = 2ti 5 + 2dg + «_6, 
X 6 Cg = 2xi5 + ^6 + 26g, 

x 6 6 6 = 2s 6 + t_i 5 + d 9 

x 6 6 6 = 2x 6 + 6g + X15, 

^62/15 = r 3 + 4ti5 + s 6 + 2dg + y 3 , 

X6V15 = b 3 + Z3 + Xq + 4xi 5 + 2feg, 

Sq = 1 + 65 + C 5 + 6 8 + C8 + Xg, 
•S6&9 = &6 + 2cg + 2yi 5 , 

56^15 = c 3 + d 3 + 6 6 + 2c 9 + 4yi 5 , 

56*15 = h + C5 + 26 8 + 2c 8 + 2xg + 3xio, 

SQdg = 65 + C 5 + 2xg + 6 8 + C8 + Xi , 

•562/3 = C_ 8 + X10, 

56^3 = ^3 + 2/15, 

■S6&8 = ^3 + S 6 + 2ti 5 + ^9, 

56^10 = r 3 + y 3 + dg + 3ti5, 

5665 = «6 + ^9 + *15, 
S6C5 = S6 + *15 + dg, 

sees = y 3 + s 6 + dg + 2ti5, 

S 6 Xg = S 6 + 2(fg + 2ti5, 

S6C3 = &3 + ^15, 

56^3 = Z 3 + X15, 

S 6 Cg = X 6 + 26g + 2X15, 

5 6 6 6 = 2x 6 + bg + X15, 

•S62/15 = &3 + ^3 + 4xi5 + ^6 + 26g. 
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b 9 b 9 = 1 + 65 + c 5 + 2b 8 + 2c 8 + 2x 9 + 2x w , 

b 2 9 = d 3 + c 3 + 2fe 6 + 2_c 9 + 3?/i5, 

69X15 = 6yi 5 + 3c 9 + d 3 + 26 6 + c 3 , 

69X15 = 265 + 2c 5 + 3c 8 + 36 8 + 4xio + 3x 9 , 

M15 = d 3 + c 3 + 6J/15 + 3c 9 + 26 6 , 

b 9 d 9 = c 3 + d 3 + 26 6 + 2c 9 + 3yi 5 , 

b 9 y 3 = C 3 + ?/l5 + Cg, 

69Z3 = 6 8 + Xg + X10, 

69Z3 = Cg + C 3 + V15, 

6g6 8 = Z 3 + X 6 + 26g + 3X15, 

6gXi = ^3 + ^3 + 26g + X 6 + 4x i5 , 

6g6 5 = X 6 + 6g + 2X15, 

6gC 5 = 6g + 2X15 + Xq, 

b 9 c 8 = r 3 + ti 5 + 26 9 + x 6 + 2x15, 

6gXg = 26g + 3xi5 + Z 3 + 63 + 2x 6 

b 9 c 3 = ti 5 + d 9 + y 3 , 

b 9 C 3 = Z 3 + 6g + X15, 
b 9 d 3 = ^3 + ^9 + %15, 

b 9 d 3 = r 3 + ii 5 + dg 

6gc 9 = r 3 + y 3 + 2s 6 + 2d 9 + 3ii_ 5 , 

6gCg = 63 + Z 3 + 2x 6 + 3xi5 + 26g, 

6g6 6 = SQ + 2d 9 + 2*15, 

6g6 6 = 26g + 2xi5 + Xq 

b 9 yi5 = 6x15 + 63 + z 3 + 2x 6 + 36g, 

&92/15 = ^3 + 2/3 + 2s 6 + 6*15 + 3dg 



xf 5 = 2c 3 + 2(J 3 + 46 6 + 6c 9 + 9yi 5 

^15^15 = 1 + 6xg + 36 5 + 3c 5 + 56 8 + 5c 8 + 6x10 

xi5h 5 = 46 6 + 6c 9 + 9yi 5 + 2c 3 + 2d 3 

xi$d 9 = c 3 + d 3 + 2&6 + 3cg + 6yi5 

X15V3, = 6 6 + Cg + 2yi 5 , 

£15^3 = &6 + cg + 2y 15 , 

xmz 3 = 65 + c 5 + 6 8 + c 8 + xg + a; 10 
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^15^8 = b 3 + z 3 + 2x 6 + 5xi5 + 36 9 , 
^15^10 = h + z 3 + 3x 6 + 46g + 6X15 
X^h = Z 3 + 63 + X 6 + 26g + 3X15 
^15C5 = 63 + Z 3 + X 6 + 26g + 3xi5 
^15C8 = 63 + Z 3 + 2x 6 + 36g + 5X15 
Xi 5 Xg = b 3 + z 3 + 2x 6 + 36g + 6X15 
X15C3 = 2ti5 + S6 + dg, 
X15C3 = 2x15 + x 6 + bp 

Xi 5 d 3 = X 6 + 2X15 + ^9 
^15^3 = S 6 + 2ti5 + d 9 , 

X15C9 = r_ 3 + y 3 + 2s e + 6*15 + 3dg 

X15C9 = 63 + Z 3 + 36g + 2x 6 + 6X15, 
^15^6 = r 3 + s 6 + y 3 + 2d 9 + 4*i 5 , 
^15^6 = ^3 + ^3 + 26g + 4xi5 + ^6, 
£152/15 = 2y 3 + 2r 3 + Asq + 6d 9 + 9*i_ 5 
£152/15 = 2^3 + 9xi5 + 26 3 + 4x 6 + 669. 



t\ b = 1 + 56 8 + 5c 8 + 36 5 + 3c 5 + 6x10 + 6xg 
ti 5 dg = 26 5 + 2c 5 + 36 8 + 3c 8 + 3xg + 4xio 

^ 152/3 = &5 + C5 + &8 + C8 + Xg + Xi 
^15^3 = ^6 + eg + 2yi 5 
^15^8 = r 3 + y 3 + 5*i5 + 2s 6 + 3dg 
*i5#io = r 3 + y 3 + 4d 9 + 3s 6 + 6*15 
*15&5 = r 3 + y 3 + s 6 + 2d 9 + 3*i 5 
ti5C5 = r 3 + y 3 + s 6 + 2d 9 + 3*i 5 
*15C8 = r 3 + y 3 + 2s 6 + 3d 9 + 5t 15 
*i 5 xg = r 3 + y 3 + 3dg + 2s 6 + 6*15 

*15C3 = X G + 6g + 2xi5, 
^15^3 = X 6 + feg + 2_Xi5 

*i5Cg = b 3 + z 3 + 3bg + 2x 6 + 6x15 

£l5&6 = b 3 + Z 3 + X% + 26g + 4xi5 
*15j/l5 = 26 3 + 2z 3 + 4x 6 + 669 + 9X15 
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d§ = 1 + b 5 + c 5 + 26 8 + 2c 8 + 2x 9 + 2xio 
d 9 y 3 = x 9 + b 8 + xio, 
d 9 z 3 = c 3 + c 9 + 2/15, 

dg&8 = 2/3 + S6 + 2cZ 9 + 3*15, 
dgXio = U3 + r 3 + Sq + 2d 9 + 4ti 5 
d 9 6 5 = s 6 + d 9 + 2*15 

C?9C5 = «6 + ^9 + 2*15 

dgC 8 = r 3 + s 6 + 2d 9 + 3*15 

dgxg = r 3 + y 3 + 2s 6 + 2d 9 + 3*i 5 

d 9 c 3 = b 9 + z 3 + X15, 

cM 3 = 6 3 + 6g + X15 

d 9 c 9 = b 3 + z 3 _+ 2x 6 + 26 9 + 3xi 5 

d 9 b 6 = xq + 36g + 2x15, 

d 9 yi5 = h + z 3 + 2x 6 + 3bg + 6x15 

y| = 1 + c 8 , 
2/3^3 = d 3 + b 6 , 
y 3 b 8 = d 9 + *i 5 , 
Usxio = «6 + *15 + ^g, 
2/3^5 = *15, 

2/3C5 = h 5 , 

V3C 8 = s 6 + *i 5 + y 3 , 

y 3 X 9 = *i 5 + dg + r 3 , 
2/3C3 = &9, 

2/3^3 = x e + z 3 , 

2/3C9 = 6 3 + 6g + X15, 

2/3^6 = «15 + *3, 

2/32/15 = ^6 + &9 + 2xi 5 . 



Z 3 Z 3 = 1 +_c 8 , 

Z 3 = ^3_+ &6, 

Z3&8 = b 9 + X15, 

Z 3 Xi = ^6 + b 9 + X15, 

^3&5 = X~15, 

Z 3 C 5 = X15, 

Z 3 C 8 = Xq + X15 + Z 3 , 



14 



Z3X9 = 


b 3 + ^9 + %15 


Z3C3 = 


bg 


Z3C3 = 


dg, 


Z3<k = 


S6 + 2/3, 


Z3d3 = 


Z3 + X 6 , 


Z3C9 = 


63 + bg + X15, 


Z3C9 = 


r 3 + d 9 + h 5 , 


z 3 be = 


Z3 + X15 


Z3h = 


V3 + tl5, 


Z3V15 = 


= x 6 + 69 + 2x 



g3j/!5 = S 6 + 2ti 5 + (j 9 . 

Now let us see the following example of NITA of dimension 22, which 
satifies b\ = r 3 + sq, r 3 is real, denoted as (A(7 • 5 • 10), B22), where B22 = 

xio, 65, c 5 , c 8 , xg, r 3 , 1/3, S 6 , ti 5 , dg, 63, 63, t 6 , t 6 , 615, 615, y 9 , y 9 , x 3 ,x 3 }. 
The interesting thing is that this example also contains table subsets: 

{1}CCC£C B 22 , 

where C and E are the same as defined in the previous example of dimension 
32. In particular both examples of dimensions 22 and 32 contain each the 
same sub-table algebra of dimension 12 generated by the basis E. Also E 
is a maximal table subset of £22 • The equations of products of the basis 
elements of C and E are as in the example of ^4(3 ■ Aq ■ 2, 32) described 
above.. 

&3&3 = 1 + ^8, 
bl = r 3 + s 6 , 

63*6 = b 8 + x w , 

b3h = T3 + ii 5 , 

&3&15 = 2*15 + SQ + dg, 

&3&15 = &8 + »10 + &5 + C5 + C 8 + Xg, 

b3V9 = h5 + d 9 + y 3 , 
b3V9 = c 8 + x 9 + x 10 , 

b3X3 = dg, 
b3X3 = Xg, 
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hh = h + h + bi5, 
b 3 x 10 = h 5 + t 6 + y 9 , 

b 3 b 5 = &15, 
&3C5 = h5, 

bscg = h 5 + yg, 
b 3 x 9 = b 15 + y 9 + x 3 , 

b%r 3 = ^3 + *6, 

^32/3 = yg, 

&3«6 = ^3_+ &15, 

6 3 ti 5 =_26i5 + t 6 + y 9 , 

6 3 dg = &i5 + + X 3 . 



t 6 t 6 = 1 + 65 + C 5 + 6 8 + C8 + Xg, 
t| = 2s 6 + ti 5 + dg, 

t 6 6i 5 = 26 8 + 2c 8 + 65 + c 5 + 3xio + 2x 9 , 

tehs = C3 + &6 + 4*15 + 2/3 + 2dg, 

ky9 = b s + b 5 + c 5 + c 8 + 2x 9 + xio, 

*62/9 = «6 + 2dg + 2ti5, 

t 6 X 3 = X W + C 8 , 

*6^3 = *15 + 2/3, 

*6&8 = ^3 + 2&15 + h_+ y 9 , 

t 6 Xi = 3^15 + 2/9 + ^3 + ^3, 

*6&5 = §15 + *6 + 2/9, 
*6C5 = &15 + *6 + 2/9, 
t 6 C 8 = 26i5 + *6 + 2/9 + X 3 , 
t 6 Xg = 2&i5 + t 6 + 22/9, 
t%r 3 = b 15 + 63, 
*62/3 = &15 + X 3 , 

t e s e = 2t 6 + 615 + y 9 , 

i 6 ii5 = 2y 9 + x 3 + 63 + i 6 + 4&15, 

*6^9 = 2yg + 26i 5 + *6- 



&15&15 = 1 + 36 5 + 3c 5 + 56 8 + 5c 8 + 6x10 + 6xg, 
b 2 15 = 2r 3 + 2y 3 + 4s 6 + 6d 9 + 9t 15 , 

^152/9 = ^3 + 2/3 + 2«6 + 3dg + 6*15, 

6i 5 yg = 2fr 5 + 2c 5 + 3b 8 + 3c 8 + 3xg + 4x w , 

bl5X 3 = s e + 2t 15 + dg, 

^15*3 = C5 + C 8 + Xg + b S + X10 + 65, 

^15^8 = 5&15 + 3yg + X 3 + 63 + 2t 6 , 
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&i5^io = 6&15 + 4y 9 + 63 + x 3 + 3i 6 , 
615&5 = &3 + x 3 + f 6 + 2y 9 + 36i 5 , 
&15C5 = 36 i5 + 2y 9 + 63 + x 3 + t 6j 
615C8 = 56 i5 + 3y 9 + x 3 + 63 + 2i 6 , 
615X9 = 6615 + 3y 9 + x 3 + 63 + 2i 6 , 
&i 5 r 3 = 26i 5 + *6 + 2/9, 
&152/3 = 2615 + 2/9 + *6, 
615^6 = 46_i5 + 2yg + &3_+ ^3 + h, 
b 15 t 15 = 9&15 + 6j/ 9 +_26 3 + 2x 3 + 4t 6 , 
&15^9 = 6615 + 3y 9 + 63 + x 3 + 2t 6 . 



y 9 y 9 = 1 + 65 + c 5 + 2b s + 2c 8 + 2x 9 + 2xi , 

2/9=^3 + 2/3 + 256 + 2^+3*15, 

2/9^3 = r 3 + d 9 + t 15 , 

y 9 x 3 = b 8 +X10 + x 9 , 

V9h = h_+ 2yg + 36i 5 + x 3 , 

y 9 xio =_t 6 + 2yg + b 3 + x 3 + 4b 15 , 

y 9 b 5 =te + y 9 + 2b 15 , 

2/gC5 =t 6 + 2/9 + 2615, 

y 9 c 8 = 36i 5 + 63 + 2y 9 + t 6 , 

ygxg = 2t 6 + 2y 9 + 3&15 + x 3 + 63, 

ygr 3 = h 5 + y 9 + x 3 , 

2/92/3 = bip + 63 + 2/9, 

y 9 s e = 26_i5 + t 6 + 2y 9 , 

2/9*15 = 6615 + 2t 6 +_6 3 + 3y 9 + x 3 , 

y 9 d 9 = 3615 + 2t 6 + 63 + 2j/ 9 + x 3 . 

X3X3 = 1 + Cs, 
X% = Sq + J/3, 
X368 = 615 + J/9, 
£3^10 = &15 + *6 + 2/9, 
Z3&5 = &15, 
Z3C5 = 615, 

x 3 c 8 = x 3 + 615 + i 6 , 
£3^9 = b 3 + 2/9 + 615, 

2^3 = 2/9, 

x 3 y 3 = x 3 + t 6 , 

^3«6 = &15 + X 3 , 
X 3 ti 5 =_26i5 + *6 + £/g, 

x 3 d 9 = 615 + 63 + y 9 . 
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Table 1: NITA (A(3 ■ A 6 • 2), B 32 ) 



The powers of 63 


contituents of the powers 


Basis of quotient of B 32 / C 




C3, fa 


C = {1, b 8 , x w , fa, c 5 , C 8 , Xg} 




r3, S6, t%5 


C63 = {fa, X 6 , X15, fa, Z 3 } 


bi 


fa, fa, yis, c 9 


Cfa = {fa, x 6 , x 15 , fa, z 3 } 


bl 


fa, x 6 , x 15 , fa, z 3 


Cr 3 = {r 3 , i 15 , dg, y 3 , s_ e } 


bl 


1, fa, Xio, fa, C5, C 8 , Xg 


Cc 3 = {c 3 , fa, 2/15, c 9 , d 3 } 


bl 


& 3 , sc 6) xi 5 , 69, z 3 


Cc 3 = {c 3 , fa, yi 5 , Cg, d 3 } 


bl 


C3, &6, 2/15, Cg, d 3 




bl 


»" 3 , f 6 , ii 5) dg, y 3 




bf 


C3, &6, 2/15, Cg, d 3 





If we define in a table algebra (A, B) for R, SOB, 

R*S = {uSupp{R -S)\reR, s G S}, 

then: Cfa * Cfa = Crj = Cc 3 * Cc 3 = C, C is identity. {Cfa) 2 = Cc 3 , 
Cfa * Cc 3 = Cr 3 , Cfa * Cc 3 = Cfa and Cb 3 Cr 3 = Cc 3 . For the definitions 
of abelian table algebra, quotient of table algebra and its basis and the sub- 
table algebra generated by an element b G B denoted by < b >= B\, see [lj 
and [5] . Also the definitions of linear and faithful element b £ B are found 
there. 

One can derived from our table that B 32 = U^-B&l = VJ^l^Bfa and 63 
is a faithful element of B 32 generates B 32 . Also the quotient table algebra 
with basis B 32 /C is strictly isomorphic the table algebra induced by the 
cyclic group Z@ of order 6. 
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Table 2: NITA (A{7 -5-10), B 22 ) 



The powers of b 3 


new contituents of the powers 


Basis of quotient of B 3 2 / C 


% 




r 3 , s e 




C = {1, 


h, 


xio, 


h, 


C5, 


C8, Cg} 


bl 




b 3 , h, 


&15 




Cb 3 = 


--{h 




&15 


2/9, 


X3} 


bi 


1, h, 


xio, 65, 


C5, 


C8, Xg 


Cr 3 = 


~- {r 3 


S6, 




dg 


2/3} 


bl 


63, 


h, &15 


2/9, 


X3 


Cb 3 = 


~-{b 3 




&15 


2/9, 


X3} 


bl 


»*3, Sq, t 15 , G 


'9, 2/15, 2/3 














bl 


h, 


*6, &15 


2/9, 


X3 















One can derived from this table that B22 = uJ =1 Bb l 3 = W^ Bb\ and b 3 
is a faithful element of B22 generates 1?22- Also the quotient table algebra 
with basis B22 /C is strictly isomorphic to the table algebra induced by the 
cyclic group Z n of order 4. 

In order to prove Main Theorems, the following fact is frequently used: 
Lemma 2.1. Let e m , f m , Unj v n G B such that e m e m 

= fmfm- Then 

(e m U n , emUn) = (e m U n , e m Un) = (.fm v m fm^n) = {fm v m fm^n)- 

Proof. (1) follows from (e m u n , e m u n ) = (e m e m , u n u n ) = (f m f m , u n u n ) = 

Notice that £3*3, bg), (S4S4, 6s) < 1, we come to (2). 

Lemma 2.2. Let b 3 , t 3 , S4 € B, b 3 b 3 = I + b$. Then (b 3 t 3 , b 3 t 3 ), 
(b 3 s 4 , 63S4) < 2. // (63*3, Ms) = 2, then t 3 i 3 = 1 + b 8 . 

Proof. If (63X4, 63X4) > 3, then (X4X4, bg) > 2 for 6363 = 1 + 6s, a 
contradiction. (1) follows. 

If (63C3, 63C3) = 2, then (6363, c 3 c 3 ) = 2. (2) follows from 6363 = 1 + b 8 . 

3 NITA Generated by 63 and Satisfying b\ = 64 + 65 

In this section, we shall investigate NITA generated by 63 and satisfying 
63 = fe 4 + &5 and come to the following theorem: 
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Theorem 3.1. Let (A, B) be NITA generated by a non-real element 63 G B 
of degree 3 and without non-identity basis element of degree 1 or 2. Then 
6363 = 1 + 6 8; 6g G B. Assume that b\ = 64 + 65, 64 G B and 65 G -B. T/ien 
(6565,63) = 1, («& 64) = 3 and (6 3 6 8 , 6 3 6 8 ) = 3. 

Now we start to investigate NITA satifying 

6363 = 1 + &8, (1) 
bl = 64 + 65- (2) 

The Proof of this theorem is in the rest of this section. 
Based on the above equations, one may set that 

6364 = 63 + 69, some 69 G N*B. (3) 

Since (6464, 6 8 ) < 1, we have that (6364, 6364) = 2, 69 G B and 

b A b A = l + b 8 + c 7 , where c 7 G iV*S. (4) 

Collecting the above equations, checking the associative laws for basis 
elements and making necessary assumptions, we have the following equa- 
tions: 



Lemma 3.1. The following equations always hold: 



6364 


= 63 + 69, 




6464 


= l + 6 8 + c 7 ,c 7 G N*B 




6365 


= 63 + Z12, x 12 eN*B 


assumption, 


6368 


= 63 + 69 + X12 


calculating 6363 = 63(6363), 


63 c 7 


= 6 9 + / 12 , / 12 G iV*5, 


assumption, 


6469 


= 63 + 69 + X12 + /12, 


calculating 63(6464) = (6364)64 


6 4 6 8 


= 65 + 6369 


calculating 63(6364) = (6363)64 


6465 


= 6 8 + z 12 , z 12 G N*B 


assumption, 


6369 


= C 7 + 6 8 + fl2 


calculating 6364 = 63(6364), 


bl 


= 1 + C 7 + 6 8 + Zu + 63X12 


calculating (6363)68 = (6363)63 


b 8 c 7 


= 6 8 + Z12 + 63/12 


calculating (6363)07 = (6367)63 


6569 


= &9 + 63Z12, 


calculating (6364)65 = 63(6465 


6969 


= 1 + 6 8 - Z12 + fl2 + 63/12 + 63X12 


caculating (6464)68 = 64(6468). 
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Proof. Based on the known equations, checking associative laws one by 
one and making necessary assumptions, one can easily come to the equations 
above. Here is the proof of the last equation. It follows from 

(6 4 6 4 )6 8 = b 8 + bg + b 8 c 7 

= 6 8 + 1 +_c 7 + 6 8 + E12 + 63X12 + b 8 + z 12 + 63/12, 

6 4 (6 4 6 8 ) = 6465 + (6463)69 _ 

= 6465 + 6369 + 6969 

= 6 8 + Z12 + c 7 + 6 8 + Z12 + 6969. 

Obviously (6565, 6 8 ) < 3, cj is either C3 + C4 or irreducible. 
If C7 ^ B, then there exist C3, C4 6 5 such that 07 = 03 + 04. At first we 
have the following lemma: 

Lemma 3.2. There exits no NITA generated by 63 and satisfying 6363 = 
1 + 6 8 , 63 = 64 + 65 and 07 = 03 + 04. 

Proof. By the assumption, we have that 



6464 = 1 + 63 + 03 + 04. 



(5) 



Then 




6464 + 6564 

1 + c 3 + c 4 + 6 8 + 6465, 
6363 + 6 3 6 9 _ 
1 + 6 8 + 6369. 



63(6364) 



Hence (c 3 , 6369) = (c 4 , 6369) 



1. Therefore 



63C3 = 69, 

63Q = ^3 + 69, some d 3 € B, d 3 / 63. 



(6) 
(7) 



Now one has (63^3, 04) = 1. Then 



63^3 = 04 + d§, some d$ € B, 



(8) 



from which (6363, d 3 d 3 ) = 2 follows. Hence 



d 3 d 3 = 1 + 6 8 . 



(9) 
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By ([5]), we have that (64 C3, 64) = 1. Let 

6 4C3 = b A + y s , y 8 G iV*B. (10) 

Since (b 3 b 3 )c 3 = c 3 + c 3 b 8 , b 3 (b 3 c 3 ) = b 3 bg, one has that 6369 = c 3 + c 3 6 8 . 
But (C4, 6369) = 1. Then (04, 0363) = 1 and so (C4C3, 6s) = 1- Thus 

C3C4 = X4 + &8)Some X4 G -B. (11) 

By (Unjl we have that 

2 < (64C3, 64C3) = (6464, c§) = (1 + c 3 + c 4 + 6 8 > C3), 

which implies that c| equals one of 

l + &8> I + C3 + X5, l + c 4 + y 4 , l + 2c 4 . 

By (fTT]) . we know that c| cannot be 1 + C4 + 2/4 or 1 + 2C4. And by ([6]), 
c| 7^ 1 + 6g. Hence 

c| = l + c 3 + x 5 . (12) 

Therefore (64C3, 64C3) = (c|, 6464) = 2, which implies that ys £ -B. 
By Lemma 13.11 (jSJ) and Q, we have 

= ^3 + hh = 26 3 + &9 + 5C_12: 

= b 3 b 4 + b 3 b 5 = b 3 + bg + b 3 b 5 , 
(b 3 d 3 )d 3 = c 4 d 3 + d 5 d 3 . 

Hence b 3 b$ = bg + 6365, and 69 G Supp-j^cfe + ^5^3}. 
Assume that bg G Supp{d 3 d§}. By ©, it follow that 

d_ 3 d 5 = bg + 63 + Z 3 , Z 3 G 5, 
6365 = c 4 d 3 + / 3 , 

so that b 3 b% = ^9 + Z3 + C4^3 5 which implies that 6§ G Supp{b 3 l 3 }. Hence 
l 3 = b 3 . So (d 3 d§, b 3 ) = 3, which implies that (64^3, d^) = 2, a contradiction 
to (|8|). Thus bg G Supp{cid 3 } and 

C4^3 = ^3 + &9- (13) 
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Thus (d 3 ds, c|) = 2, we may assume that 

c\ = 1 + b 8 + f 7 , some f 7 G N*B. (14) 

Then C4 5 , npp{c4Xs}. Otherwise, C4 G Supp{c4X^}, which implies that 
X5 G 5tipp{c|}, and so /7 = X5 + x 2 , a contradiction. 
Since 

C3C4 = C4 + C3C4 + X5C4 

= c 4 + x 4 + 6 8 + cax 5 , 

C3(C3C 4 ) = C 3 6 8 + C 3 X 4 , 

we have that 

C3^8 + C3X4 = C 4 + £4 + 6 8 + C4X5. 

But left side of the above equation contains two C4 by (fTTj) . Hence C4 = £4 
by C4 G" 5npp{c4X5}. Therefore 

C3C4 = b 8 + c 4 , (15) 

which implies that (c|, C3) = 1 and 

C4 = 1 + b§ + C3 + e4, some e4 G i?. 

Now we have following equations 

&3C4 = 63 + b 3 b 8 + 63C3 + 6 3 e 4 
= 26 3 + 26 9 + X 12 + 6364, 
By (7) and (13) 04(6304) = C469 + 04^3 

= C469 + b 9 + 63. 

Then C469 = 63 + 69 + X12 + 6364. Since d 3 G Supplc^bg}, one has that 
d 3 G Supp{xu} or 6 3 e 4 . 

If c?3 G Supp{x\2}-, then c?3 G Supp{b 3 bs}, which implies that 63^3 = 
1 + b$. Thus 63 = d 3 , which implies that 6363 = 04 + d$, a contradiction. 
Hence d 3 G 5upp{b3e4}, G 5upp{63<i3}. Therefore by (8) e 4 = C4 and 

by (7) c\ = 1 + c 3 + c 4 + 6 8 = 6 4 &4, 
C469 = b 3 + d 3 + 26 9 + x 12 . 
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Furthermore 



Thus 



hc\ = b 3 + 6 3 6 8 + 63C4 + 63C3 

= 63 + 6 3 _+ 69 + xu + d 3 + b 9 + 69, 

(6364)64 = 6364 + 6964 _ 

= 63 + 69 + 6469, 

(6 3 c 4 )c 4 = C469 + d 3 c 4 

= C469 + 63 + 69. 



6 4 6 9 = 63 + d 3 + 26 9 + X12 = C469. 



Hence by (6) (&3C 3 )c 4 = 6 9 c 4 = b 3 + d 3 + 2b 9 + x 12 . But by (7) (6 3 c 4 )c 3 
C369 + c 3 d 3 . 

Since d 3 ^ Supp{c 3 d 3 }, we have that d 3 S Supp{c 3 bg} 



c 3 d 3 = 69, 

C369 = 63 + d 3 + 69 + xi 2 . (16) 

Therefore (6 3 c 3 , c 3 d 3 ) = 1, so (63J3, c§) = 1. By © and (EJ), we have that 
(b 3 d 3 , X5) = 1, which implies that X5 = c^. Consequently (is is real. Then 

63^3 = c 4 + d 5 = 6 3 d 3 , 

C3 = l + C 3 + (i5. 

Moreover (&J, d|) = (63C/3, 6 3 d 3 ) = 2. So 

d§ = 1 + 264 or 64 + 65. 
Since ([9]) implies that d 3 is non-real. So 

dl = 64 + 65. 

By ©, we may set that 

634 = d~3 + "12, ltl2 G 

Then 

63c! = 63 + 63C3 + b 3 d 5 

= 63 _+ 69 + d 3 + u 12 , 

(63C3)C 3 = C369. 
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Thus 

C369 = b 3 + d 3 + b 9 + u 12 . 

Hence x\ 2 = U12 by (fl~6j) and so 63^5 = d 3 + x± 2 . Since 04 c| = 04 + 0304 + ^504 
and 03(0304) = C3C4 + C3&8 by (fl~5]) . we have that 

c 3 6 8 = C 4 + C4CZ5. 

Now, by c\ = 6464, we have that 

c 3 c\ = c 3 + c\ + 0304 + c 3 6 8 

= c 3 + 1 + c 3 + d 5 + c 4 + 6 8 + c 4 + 04^5, 

(0364)64 = 6464 + 7/ 8 6 4 

= 1 + c 3 + c 4 + 6 8 + 6 4 y 8 . 



So 



^42/8 = c 3 + c 4 + d 5 + c 4 d 5 . 



We have known that y 8 is irreducible, then (0464, y 8 ) = 1. But (64C4, 64C4) 
4. Hence (0464 — y 8 , C464 — y 8 ) = 3, which is impossible for L\(B) = {1} 
and L 2 {B) = 0. The lemma follows. 



Now we begin to investigate NITA such that 07 G B based on the value 
of (6565, 6 8 ). 

Lemma 3.3. There exits no NITA such that 07 G B and (6565, 6 8 ) = 3. 

Proof. It is easy to see that (6565, 6 8 ) = 3 implies that (6365, 6365) = 4. 
By Lemma 13.11 we may assume that 

X12 = x + y + z, x, y, z G B, 
6365 = 63 + x + y + z, 
6363 = 63 + 69 + x + y + z. 

By the last equation above, one has that 6 8 is contained in b 3 x, b 3 y and b 3 z. 
Hence no one of x, y and z has degree 3. Therefore 

_X 12 = X4, + y4, + z 4 , 

63X4 = r4 + 6 8 , some G B, 

63J/4 = S4 + 6 8 , some S4 G B, 

63Z4 = £4 + 6 8 , some £4 G -B. 
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Furthermore 63X4, 631/4 and 63Z4 have exactly two constituents. Let 

63X4 = 65 + r-r, some rj E 5, 
^32/4 = &5 + S7, some S7 E -B, 
63Z4 = 65 + tj, some £7 € -B. 

Since 

63(63X4) = b 3 b 5 + b 3 r 7 

= 63x4 + y 4 + z 4 + 6 3 r 7 , 
63(63X4) = 6 3 6 8 + 6 3 r 4 

= 63 + 69 + x 4 + y 4 + z 4 + 6 3 r 4 , 

we have that bgrj = 69 + 63^. By the same reasoning we have that 63S7 = 
69 + 63S4 and 63*7 = 69 + 63^4. Hence r?, sj, tj E Supp{b 3 bg}. 
If rj, S7 and £7 are distinct, then 

6369 = 64 + r 7 + s 7 + t 7 + e 2 , some e 2 E -B, 

a contradiction. Hence at least two of r?, s 7 and tj are equal, without loss of 
generality, let rj = sj. Then (63X4, 632/4) = (63X4, 637/4) = 2. Thus r4 = 54. 
BY Lemma 13.11 we have 

b 2 s = 1 + 46 8 + c 7 + Z12 + 2r 4 + t 4 . 

So Z12 = 2r 4 + £4. Lemma 13.11 implies that 

6369 = c 7 + 6 8 + 2r 4 + t 4 . 

Then (6369, r 4 ) = (69, 63^) > 2, a contradiction, which lemma follows from. 

Lemma 3.4. There exits no NITA such that cj E B and (6565, 6g) = 2. 

Proof. Suppose that (6565, 6g) = 2. Let 

6 5 6 5 = 1 + 26 8 + d 8 , some dg E iV*5. 

Since (6365, 6365) = (6363, 6565) = 3, by Lemma 13. 1\ we have that X12 = 
x + y and 

£365 = h + x + y, 
hb% = 63 + 69 + x + y. 
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Thus bs £ Supp{i>3x}, Supply} , which implies that degrees of x and y 
are > 4. We have three possibilities: (f(x), f(y)) = (4, 8), (5, 7), (6, 6). 

We shall divide the proof into three propositions. And the lemma follows 
from Proposition EZQ \§M EES 

Proposition 3.1. No NITA such thatb 5 b 5 = l+2b 8 +d 8 and (f(x), f{y)) = 
(4, 8). 

Proof. Assume (/(x), f(y)) = (4, 8). Then X12 = X4 + y 8 and we may 

set 

63X4 = b 8 + x 4 , x 4 € B, 

hys = b 8 + yw, yie € N*B, (17) 

Then 

bj = 1 + c 7 + 36 8 + x 4 + Z12 + yie- 

Hence 

(M3) 2 = 2 + 56 8 +_c 7 +_x^ + zi2_+yi 6 , 
6|6g = 6464 + 6465 + 6465 + 6565 

= l + bs + c 7 + b 4 b 5 + hb5 + l + 2b 8 + d 8 , 

so zu + d 8 = x' A + y 16 . 

Now two cases appear, x 4 G Suppj^g} or x 4 Supple^}. 

Case I. Suppose that x 4 G ^uppj^i^}- Then there exists s 8 such that 

2l2 = X4 + S8, 

Vie = d 8 + s 8 . 

Since (6465, 64^5) = (6464, 6565) = 3, we have that s 8 £ B and 

= c 7 + b 8 + x'a + S 8 . 

Hence 69 € Suppl^x^}, which means that (63X4, &3X4) = 2. So (63X4, 63X4) = 
2. Since 63X4 = b 8 + x 4 , we may set 63X4 = 03 + 69 and 63X4 = X4 + 
e 8 , some 03, e 8 € B. 
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Suppose that 6303 = x' 4 + h, some I5 G B. Then 



hihx'i) = b 3 b 9 + b 3 a 3 

= cj + b 8 + x 4 + s 8 + x 4 + l 5 , 

= b$ + x' A + b 3 e 8 . 



Hence 



he8 = c 7 + s 8 + x' A + l 5 . 



Therefore eg G Supp{b 3 cj}. Let 63C7 = 69 + e 8 + e4, e4 G B. By (6363)03 = 



Since (a 3 6 8 , a 3 6 8 ) = (a 3 a 3 , 6|) = (6363, 6§) = 4, we have that (63Z5, 63/5) = 
3. So (63/5, 63/5) = 3. Let 



e 8 6 8 = 26 9 + 2e 8 + e 4 + 63 + 2x 4 + y 8 + a 3 + 0a- 

Hence e 8 € Supp{b 3 b 8 }, which implies that e 8 = y 8 . Hence 63C7 = 6g+?/ 8 +e4, 
so that C7 G Supp-f^ys}, which implies that C7 G Supp-fyie} = {<i 8 , s 8 }, a 
contradiction. 

Case II. NITA satisfying x' 4 G Supp{d 8 }. 

If x 4 G (i 8 , then d 8 = x' A + x' A (x 4 maybe real). Then 
6 5 & 5 = 1 + 2b 8 + x' 4 + x' 4 . 
Hence y±Q = x 4 + Z12 and 



63(63^3), we come to 



«3&8 = &9 + M5- 



hh = e 8 + «3 + At, 




Then 




1 + c 7 + 36 8 + x 4 + x' A + 212 + Z12 

& 8 + X 4 + z 12, 

1 + 36 8 + x 4 + Z12 + x 4 + 63/12, 



(18) 
(19) 
(20) 
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by (HZ]). Therefore (y 8 , 6 3 x 4 ) = 1. Let 



63^4 = 2/8 + U, 6 3 x 4 = x 4 + js, where i 4 , j 8 G -S. 



(21) 



Since 



65(6365) 



63(6565) 



63 + 26 3 6 8 + 63X4 + 6 3 x 4 

363 + 36 9 + 2x 4 + 3ys + *4 + £4 + js 

6563 + 65X4 + 6 5 y 8 

63 + Xi + y 8 + 6 5 x 4 + 6 5 2/8- 



we have that 



^465 + 2/865 = 26 3 + 26 9 + 2x 4 + 2y 8 + t A + j 8 . 



Since 



x 4 (6 3 6 4 ) 



63X4 + 6 9 x 4 
x± + js + 6 9 x 4 , 
2/ 8 6 4 + hbi, 



(6 3 x 4 )6 4 



we have that X4 G Sitpp-f^ys} or S^pp{£i&4}- 

We assert that X4 G Supp{b^i^\. Otherwise X4 G 5?i.pp{& 4 |/8}, and y 8 G 
5npp{&4X4}. But 69 £ Supp-f^a^} by Lemma 13.14 a contradiction. Hence 
X4 G Supp^ti}, which implies that £4 G Supp{64X4}. Therefore 



63(6463) = Ms + 63(6369) 

= 63 + x 4 + 2/8 + 69 + 63(6369) 

= 63 + x 4 + y 8 + 69 + 63C7 + 6 3 6 8 + 63212 

= 63 _+ x 4 + y 8 + 69 + 69 + /12 + 63 + x 4 + y 8 + 69 + 63212, 

64(6368) = 6463 + 64X4 + 642/8 + 6469 

= 63 + 69 + U + 69 + r 3 + 642/8 + 63 + 69 + x 4 + y 8 + /12, 

(6364)63 = 6 3 6 8 + 6 8 6 9 

= 63 + x 4 + y 8 + 69 + 6 8 6 9 , 

we have that 



64x4 = t A + 69 + r 3 , r 3 G -B. 



(22) 



Since 



x 4 6 8 
6869 

642/8 + 69 + t 4 + ^3 



68 + 212 + 63^4, 

63 + x 4 + y 8 + 69 + j/12 + 63Z12 
^4 + 2/8 + 63212 
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We continue the proof based on t 4 = X4 or t± + 1 X4. 



Subcase I. No NITA such that i 4 = x 4 . 

If £4 = X4, then (#4, 63X4) = 1 by 63X4 = y 8 + which implies that 

x 4 G Supp{b^x{\ = {&8 , x 4 }. And 6^4 = 63X4 = 6s + Hence x 4 is real 
and 

6565 = l + 26 8 + 2x 4 , (23) 

63X4 = x 4 + y 8 . (24) 



Thus 



So 



Since 



&3(^3^ 4 ) = &32/8 + &3Z4 

= b 8 + X 4 + Z12 + 6 8 + Z4, 
(^3^3)^4 = X 4 + X 4 & 8 - 

x 4 6 8 = x' 4 + 26 8 + z\2- 



h(hh) = 63 + 26 3 6 8 + 26 3 x 4 

= 6 3 + 26 3 + 269 + 2x4 + 2y 8 + 2x4 + 2y 8 , 

^5(^3^5) = b 3 b 5 + x 4 b 5 + y 8 b 5 

= 63 + x 4 + y 8 + X465 + y 8 6 5 , 

we have that X465 + y 8 b§ = 263 + 26g + 3x4 + 3j/ 8 . Because 63 G Supp{x4&5} 
and 63 G Supp{y 8 b^\, there exactly two possibilities: 

X465 = 63 + 69 + ys, 2/8^5 = 63 + ^9 + 3x 4 + 2y 8 , 
X465 = 63 + 69 + 2x 4 , y 8 6 5 = 63 + 69 + x 4 + 3y 8 . 

If X465 = 63 + 69 + y 8 and ^65 = 63 + 69 + 3x 4 + 2y 8 , then (i7 8 6 5 , x 4 ) = 3, 
which implies that (65X4, y 8 ) = 3, a contradiction. 

If X465 = 63 + 69 + 2x4 and y 8 6 5 = 63 + 6 9 + X4 + 3i/ 8 . Then (x 4 6 5 , x 4 ) = 3. 
So (x 4 , 65) = 2. It follow that (x 4 , x|) > 5. It is impossible for either 
X4X4 = 1 + 6 8 + rj, r-j G B or X4X4 = 1 + 6 8 + r 4 + r 4 G B. Hence 

Subcase I follows. 

Subcase II. No NITA such that i 4 ^ x 4 . 
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If i 4 / x 4 , by 6 4 y 8 + 6g + t 4 + r3 = £4 + 2/8 + ^3^12, we have that rs + t^ + bg 
is a part of 63Z12, x 4 +y 8 is a part of6 4 y 8 and 6 3 +X4+y 8 +69+2/i2+r 3 +i 4 +69 
is a part of 6 8 6g. 

If 69 G Supply^}, then there exists /13 G B such that y 12 = /13 + 69. So 
63C7 = /13 + 26g, 63/13 contains C7, which is impossible for L2(B) = 0. Hence 

Since (6969, 6s) = 3, so (6 8 6g, ^9) = 3, which implies that (63Z12, 69) = 2 
and there exists x\\ £ iV*l? of degrees 11 such that 

63Z12 = 26 9 + i 4 + r 3 + s u , 
6 4 y 8 = x 4 + y 8 + 69 + £11. 

At the following we'll discuss based on what z 12 is like. Since (Z12, Z12) = 
2, we have that z i2 = a + 0, where (/(a), /(/?)) = (3, 9), (4, 8), (5, 7) or 
(6, 6). 

Step 1. There exists no NITA such that #12 = a 3 + 09- 

If Z\2 = a 3 + (3g. Then 6 3 (a 3 + 0g) = r 3 + t 4 + 69 + xn, 6 3 a 3 = 69 and 

^3(&3"3) = C 7 + 6 8 + Q 3 + /?g, 
(6363)03 = "3 + "3^8- 

Thus 

«3^8 = C 7 + 6 8 +/? 9 , 

which implies that (036s, 036s) = 3. Hence (a3«3, 6 8 ) = 3. It follows that 
0(36(3 = 1 + x 4 + x 4 by the expression of 6| (see (fTHj) . which contradicts 
Theorem 1.1. 

Step 2. There exists no NITA such that Z12 = a 4 + /3 8 . 

If Z12 = a 4 + fa. Then 63 (a 4 + 0s) = r 3 + t 4 + 26g + xn. Since 69 G 
S'npp{63a 4 }, we have that 

^3«4 = r 3 + b 9 , b 3 8 = t 4 + 69 + X\\. 
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Let 63 r% = 04 + e§. Then 

^3(630:4) = 6369 + &V3 

= C7 + 6 8 + 04 + /?8 + «4 + e5, 
0:4(6363) = 04 + 0463, 

which means that 0463 = cj + 6§ + f}& + es. Since 637/8 = «4 + 08 + £4 + &8> 
we have that 6304 = y% + 74, 74 G B. 
Since 

63(6304) = 63^ + 6374 

= 6 8 + "4 + /% + x' A + 6374, 
(6363)04 = 04 + CK4&8 

= 2o 4 + c 7 + 6 8 + /3 8 + e 5 , 

we have that x 4 + 6374 = 0:4 + 07 + 65, which implies that x 4 = 04. But by 
(21) 63X4 = j8 + X4, j8 £ -B and 6304 = 69 + r3, a contradiction. 



Step 3. There exits no NITA such that Z12 = 05 + fa- 



it z 12 = a 5 + f3 7 . Then 

b 3 (a 5 + fr) = 26 9 + r 3 + t 4 + 26 9 + x u . 

We need a sum of degree 6 to make up 630:5 for 69 £ Supp^oT,}. 

If r3 £ Supp^/^}, then 63^ contains an element of degree 2, a contra- 
diction. Hence r% £ Supp{b 3 a^\. We may set 

63^5 = 69 + r 3 + 5 3 , <5 3 £ Supp{xu}. 

Furthermore 63^ = 05 + some d 4 £ -B. It follows that r3f3 = 1 + 6g. 
Now we have that (05Q5, 6s) = 2 and 

26 3 + x 4 + ys + 69 = 63(6363) = r 3 (&3f 3 ) = r 3 o 5 + r 3 d 4 , 

from which the following holds: 

^3«5 + ^3^4 = 26 3 + X 4 + ys + 69. 

Comparing the two sides, the following equations hold: 

r 3 d 4 = 63 + 69, 
7-305 = 6 3 + x 4 + y 8 - 
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Therefore 



b 3 (r 3 a 5 ) = b 3 b 3 + X463 + y 8 b 3 

= 1 + b 8 + b 8 + x' 4 + b 8 + a 5 + p 7 + x' A , 
"5(^3^3) = 0505 + ^405. 

Since (0.50(5, b 8 ) = 2, we can only have that 

a 5 a 5 = 1 + 26 8 + X4 + x' A , 
^405 = b 8 + a 5 + /3 7 . 

Hence ^4 = x 4 or x 4 . So 63 r3 = 05 + x 4 or 05 + x 4 . 

If 63^ = 05 + X4, then r 3 E Suppj^x^} = {y 8 , £4} by (pT|) . a contradic- 
tion. Hence b 3 r 3 = 0:5 + x 4 , which implies that r 3 G Supp{b 3 x' A } = {X4, j 8 }, 
a contradiction. 

Step 4. There exists no NITA such that Z12 = ctQ + Pe- 
lf z\i = q 6 + 6 , then 

b 3 (a G + /3 6 ) = 2b 9 + i 4 + r 3 + in. 

Hence a6 ^ /?6- Without loss of generality, let r 3 G Siipp-f^ag}. We may 
set that &3T3 = Q6 + d 3 , which implies that r3f3 = 1 + b 8 . Therefore we have 
the following equation: 

"6^3 + d 3 r 3 = (b 3 r 3 )r 3 
= {b 3 b 3 )b 3 
= 2b 3 + 69 + x 4 + y 8 . 

It is easy to see that we cannot sum up d 3 r 3 , a contradiction. The Propo- 
sition 1 follows. 

Proposition 3.2. No NITA such that (f(x), f(y)) = (5, 7). 

Proof. If (/(x), f(y)) = (5, 7), that is to say, X12 = X5 + y 7 , and 

hh = b 3 + x 5 + y 7 , 
b 3 b 8 = b 3 + 69 + x 5 + y 7 . 
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So we may set that 



b 3 x 5 = bg + e 7 , e 7 G N*B, 

b_ 3 x 5 = 65 + eio, eio G 

^32/7 = h + y 13 , y 13 £ N*B, 

hV7 = h + y ie , y ie e N*B. 



Hence 



b 3 (b 3 bg) = b 3 b 3 + fo 3 6 9 + 63X5 + 6 3 y 7 

= 1 + bg + C7 + b$ + zu + b$ + e7 + b$ + yi 3 , 

(b 3 b 3 )b 8 = bg + bj, 

(b 3 b 5 )b 3 = b 2 z + b 3 x 5 + b 3 y 7 

= 64 + 36 5 + eio + 2/16, 

(&3&3)&5 = ^5 + &5&8, 

one has that 

bj = 1 + c 7 + e 7 + 36 8 + Z12 +2/13, 

Ms = 64 + 26 5 + eio + 2/16- 
On the other hand, 

(b 3 b 3 ) 2 = l + 26 8 + l + c 7 + e 7 + 36 8 + zi 2 + yi3, 

6§6§ = l + 6 8 + c 7 + 6 8 + zi2 + 6 8 + zi2 + l + 26 8 + d 8 , 

which implies that Z12 + dg = e 7 + y± 3 . 

Step 1. There exists no NITA such that e 7 g" Supple}. 

Suppose that e 7 g" Supp-f^}. Since e 7 S«pp{<i 8 }, there exist a 3 G 
Suppjz^}, 54 G Supp{dg} or 04 G Siippjz^}, g 3 G S , upp{(i 8 } such that 



Substep 1. There exists no NITA such that e 7 = a 3 + #4. 

If e 7 = 03 + (74, then there exist zg G iV*i? and /14 GB such that 
-212 = 03 + -29 and d 8 = 54 + /14 . Further 



e7 = 03+54 or a 4 + g 3 . 



6465 

&3&9 

b 3 x 5 



a 3 + z 9 + b 8 , 
c 7 + bg + a 3 + z 9 
bg + a 3 + 54, 
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Hence 

6 3 a 3 = x 5 + u, u G -B, 
6303 = 69, 

which is impossible for (630:3, 6303) = 1 and (6303, 6303) = 2. 
Substep 2. No NITA such that e 7 = q 4 + 53. 

If e7 = CK4 + gs, then there exist zg G Supp{N*B} and fa e B such that 
Z12 = «4 + ^8, ^8 = 53 + ^5- Hence 

63X5 = 53 + 04 + 68, 
6565 = 1 + 26g +53 + fa, 
hV7 = h + z 8 + fa- 

So there exists I4 G B and n§ G iV*5 such that 6353 = £5 + I4 and 63/15 = 
y-j + n§. Hence (73(73 = 1 + 6g and 63/4 = 53 + m 9 . Here m 9 G 5, otherwise 
I4I4 will contains two 6g, which is a contradiction. 
Since 

63(6363) = 26 3 + 69 + x 5 + y 7 , 
(^353)53 = 53^5+53^4, 

it follows that 53/4 = 63 + 69 and 

53^5 = 63 + x 5 + y 7 = 6365. (25) 

We assert that Supp{ns}n{bs, X5, y 7 , I4} = 0. Obviously y 7 G" Supp{n%}. 
By the expressions of 63/15 and 6363, we have that 63 Supp{ng}. If 
X5 G Supping}, then /15 G Suppfy^xs}, a contradiction. If Z4 G Supp{n&], 
then /15 G Supp{bsl4}, a contradiction. Since 

63(6565) = 63 + 26368 + 635-3 + 63/15 

= 36 3 _+ 26 9 + 2x 5 + 2y 7 + x 5 + I4 + y 7 + ra 8 , 

(6365)65 = 65(63 + X5 + 7/7) 

= 6 3 + X5 + y 7 + X565 + y 7 65, 

It holds that 

65^5 + 65 J/7 = 26 3 + 26 9 + 2x 5 + 2y 7 + U + n 8 . (26) 
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Now we assert that (652/7, 69) = 1. In fact, it follows from that 6569 = 
69+6304+63^8 by Lemma l3.1l and (6304, 2/7) = 0, (b^zg, 2/7) = 1- Therefore 
(65^5, 63) = (65x5, 69) = 1 and (652/7, 63) = (652/7, 69) = 1. 

By d25|), (g 3 x 5 , 6365) = 3. So (6353, 6 5 x 5 ) = 3. By (J26J), 6 5 x 5 cannot 
contains three multiple of a constituent of degree 3 or two multiple of con- 
stituent of degree 6. Then the common constituents of 6353 and 65X5 are 
degree 5 or 4 for 63(73 can only have constituents of degree 5 and 4 at this 
moment. From (63(73, 65X5) = 3 and ([26]) . we have that 65X5 must contains 
2x 5 and some element V4 of degree 4 from I4 + rig. It leads to that 

65^5 = 63 + 69 + 2x 5 + V4, 

a contradiction for left side having degree 26. 

Step 2. There exists no NITA such that e-j £ Supp{z\2) ■ 

If e-j £ Supp{zi2}, then there exists W5 £ B such that zyi = e-j + 105. So 
2/13 = 4 + ^5 and 

63X5 = 6 8 + e 7 , (27) 
632/7 = b 8 + d 8 +w 5 , (28) 
6465 = w 5 + e 7 + b 8 , (29) 
6369 = W5 + C7 + e 7 + 6 8 . (30) 

Since (6465, 6465) = 3, we have that ej, w§ £ B. By Lemma 13+1 

6569 = 69 + 6 3 e 7 + 63^5. (31) 

Since 2/7 £ Supp{b 3 w^\, 69 £ Supp{b$w$\, and X5 £ /Sup/j{63e7}, we may 
set that 

b 3 w 5 = 2/7 + «a, ^8 £ iV*S, (32) 

63^5 = 69 + 4, d 8 £ iV*£, (33) 

63C7 = 6 9 + /i 2 ,/i 2 £iV*5 (34) 

6 3 e 7 = x 5 + /ii6,/ii6 e iV*^ (35) 

6 3 e 7 = 69 + (7i2, s-12 £ N*B. (36) 
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Case 1. There exists no NITA such that either vs or d§ reducible. 

It is easy to see that one of vg and d§ is reducible will imply another one 
is reducible. Let d$ = d 3 + g 3 . Then 

b 3 w 5 = d 3 + g 3 + b 9 . 

It is easy to show that d 3 / g 3 . Hence we may set that 

b 3 d 3 = w 5 + <5 4 , 

which implies that d 3 d 3 = g 3 g 3 = 1 + bs- If £4 = tp4, then b 3 d 3 = b 3 g 3 , 
(63J3, 6353) = 2, which implies that ^3^3 = 1 + bs- Thus g 3 = d 3 and 
^3^5 = ^9 + 2(^3 5 so that (b 3 g 3 , W5) = 2, a contradiction. Hence £4 7^ ^4. 
Let's calculate 6363 = 63^3^3 = b 3 g 3 g 3 , we have that 

{b 3 h)b 3 = 26 3 + 69 + x 5 + y 7 , 

(^3^3)^3 = W 5 d 3 + S4d 3 , 

(6353)53 = w 5 g 3 + ip4g 3 . 

It is easy to see that 

5 4 d 3 = ip4g 3 = 63 + 69, 
w 5 d 3 = w 5 g 3 = b 3 + x 5 + y 7 . 

On the other hand, we have that 

w 5 w 5 = 1 + 2b 8 + us, 
63(53^4) = b 3 (d 3 54) = b 3 b 3 + 6369 

= 1 + b 8 + c 7 + e 7 + w 5 + 6 8 , 

(6353)^4 = ^5^4+^04^4, 

(63(^3)^4 = u> 5 <5 4 + <5 4 <5 4 , 

so that 

■u) 5 V> 4 = w 5 5 4 = e 7 + w 5 + b 8 , 

IpAlpA = S4S4 = 1 + b S + C 7 . 

Hence ^4, £4 € Supp-fu^-iDs}. Therefore 

U! 5 U)5 = 1 + 2b 8 + 64 + 04- 



37 



But (g 3 d 3 , w 5 w 5 ) = (g 3 w 5 , d 3 w 5 ) = 3. We have that 1 G Supp{g 3 d 3 }, 
which implies that g 3 = d 3 , a contradiction. 

Case 2. There exists no NITA such that vs and d§ irreducible. 

Suppose v% and d§ irreducible. We assert that /12 is irreducible. Oth- 
erwise, let /12 = r + s. Suppose that c-j G Supp{b 3 r}, which implies that 



Subcase 1. ^5 is not real. 

If w$ is real, then 7/7 + v 8 = 63 = b 3 w§ = 69 + ^6 by ([32]) and ([33]) . a 
contradiction. 

Subcase 2. f 12 S. 

By the expression of 6 8 C7, we have that W5 G S^pp^/^}- If /12 is 
irreducible, then /12 G S'-upp{63U>5} = {2/7, i; 8 } by (j32j) . a contradiction. So 
/12 is reducible. 

Subcase 3. e-j is not real. 

If e7 is real, then there exists an element uj G N*B by (j2"T|) and ([30]) . 
such that 



Hence (e^, 63) > 2. So (6763, 67) > 2, By the expressions of 6 8 C7 and £>|, 
we have that (676s, cj) = 1, (e^bs, 6 8 ) > 2. Thus there exists an element 
xiq G N*B of degree 19 such that 



f(r) > 4. 



By Lemma 13.11 one has that 




e 7 + w 5 + b 8 + 63/12, 

1 + d s + 36 8 + e 7 + w 5 + 63/12. 



6367 = x 5 + 69 + u 7 . 



e76 8 = 2e 7 + 26 8 + c 7 + X19. 
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On ther other hand, from (|27p and (|30p . we have that 

63(6367) = 6 3 x 5 + ^9 + 6 3 -u, 7 

= bg + e 7 + c 7 + e 7 + w 5 + b 8 + 6 3 ii 7 , 

(6 3 6 3 )e 7 = e 7 + b 8 e 7 

= 3e 7 + 26 8 + c 7 + X19. 

Then ^5 + 63 1*7 = e 7 + X19. Since right side is real, we have that W5 € 
Supp{b^u 7 } by Substep 1, which implies that there exists a constituent t 
of u 7 such that 1^5 G 5npp{&3t}. Then f € 5upp{63U>5}, so t = y 7 or t>8. It 
follows that u 7 = y 7 . By (j28j) implies that 

W5 + W5 + 6 8 + cfe = W 5 + 6 3 y 7 = e 7 + X19, 

a contradiction. 



Subcase 4. Case 2 follows. 



By Subcases 1, 2, 3, we have that e 7 and W5 are not real, and /12 is 
reducible. Notice &8C7 is real, by the expression of b 8 c 7 , we have that 63/12 
contains ^5 and e 7 . Hence there exists a constituent r of /12 such that b^f 
contains 7D5, which implies that r £ S'iipp{63U>5}. Therefore r = 2/7 or t>§. 

If r = y 7 , then 637/7 = 6§ + <ig + 7D5 by (|28|) . But (|34l) means that 637/7 
contains C7, a contradiction. 

If r = vg, then there exists S4 such that /12 = v 8 + S4. Since C7 G 
5npp{&3S4} by we have that e 7 Siipp^s^}. So e 7 € Supp^^s}. 
Hence there exists a basis element 05 of degree 5 such that 

63W8 = w 5 + e 7 + c 7 + a 5 , (37) 
63S4 = C7 + C5, (38) 
63C7 = v 8 + s 4 + 69. (39) 

Checking 63(6565) = 65(6365), one implies that 

65S5 + 6 5 y 7 = 26 3 + 26 9 + x 5 + y 7 + b 3 d 8 . (40) 

We assert that d 8 € B. In fact, if d 8 B, then d§ = 2x4 or £4 + y^. 
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If dg = 2x4, then b%y 7 = 6g + 2x4 + ^5 by ([28]) . Hence (63X4, y 7 ) = 2. It 
is impossible. 

If d$ = x 4 + y 4 , then 6 3 y 7 = 63 + ^4 + 2/4 + ^5 by ([25]). Let 6 3 x 4 = 2/7 + P5 
and 632/4 = 2/7 + 55. By (f4T)|) . it holds that 

65^5 + 652/7 = 26 3 + 26g + x 5 + 3y 7 + p 5 + q5- 

But (65X5, 63) = (65X5, 69) = 1. So it is necessary to find elements from the 
left side of above equation such that their sum having degree 13 to make up 
65X5. It is impossible. Therefore <ig G B. 
Since 

63(63^5) = 632/7 + 63^8 

= 6 8 _+ d$ + w 5 + c 7 + w 5 + e 7 + 05, 
63(63^5) = 6369 + 634 

= w 5 + c 7 + e 7 + 6 8 + 6 3 d 6 , 

then 

b 3 d 6 = d 8 + w 5 + a 5 . (41) 

Now we assert that C5 and es are nonreal. Otherwise, de, v$, G Siipp-f^as} 
by (jUJ and (|4*T|) . So 1 G Spp{b^a^\, a contradiction. Hence C5 and are 
nonreal, and C5 = 05 by the expression of &|. Hence 63^ = d% + w 5 + c 5- 
Associated with ([38]) . we have that (63 C5, d&) = (63C5, S4) = 1, which implies 
that (63C5, 63C5) = 3. Furthermore (63C5, 63C5) = 3. Let 

63C5 = i>8 + <^3 + A4. 

Thus we may set that 63^3 = C5 + A4. Then 6363 = 1 + &g. And 

63(6363) = 6 3 + 6 3 6 8 

= 26 3 + 6 9 _+x 5 + y7, 

(6363)63 = C5<53 + A 4 (53. 

We have that 

A 4 5 3 = 63 + 69 and c 5 <5 3 = 63 + x 5 + y 7 . (42) 
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Further 



£>3&3 + b 3 b 9 

1 + 26 8 + c 7 + w 5 + e 7 
C5A4 + A4A4. 



(6 3 5 3 )A4 



It follow that 



A4A4 = 



1 + b s + c 7 and c 5 A 4 = b 8 + w 5 + e 7 = 6465. 



Hence (6 3 c 5 )A 4 = 6 3 (c 5 A 4 ) = 6 3 (6 4 &5) = b A {b^). But 

64(^5) = hh + 64x5 + 6 4 y 7 

= 6 3 + 69 + 64x5 + 6 4 y7, 

(6 3 c 5 )A 4 = v 8 A 4 + -5 3 A 4 + A4A4. 

So 6 3 is a constituent of one of ^8^4, <5 3 A4 and A4A4. Then one of vs, S3 and 
A4 is a constituent of 6 3 A4. On the other hand S3 E Supp^A^} by (f42j) . 
But 6 3 A4 contains at most two constituents, a contradiction. Subcase 4 
follows, which concludes Step 2. Consequently the proposition follows. 

Proposition 3.3. No NITA such that (f(x), f(y)) = (6, 6). 

Proof. If X12 = xq + i/Q, then 



Ms 



b3 +X6 + V6, 

b 3 + b 9 + x 6 + y 6 . 



Assume that 



b3V6 
b3V6 



b% + h±o, f° r some h\Q E N*B. 
bs + ho, for some i%o E N*B, 
h + 513, for some 313 E N*B, 
h + fi3, for some / 13 E N*B. 



Therefore 



1 + c 7 + 36 8 + h w + ii + zi 2 . 



By the above equations and Lemma 13.11 one has that 



(hb3? 

m 



2 + c 7 + 5b s +_h w + jio + I12, 

64^4 + &4&5 + &5&4 + &5&5 

2 + 56 8 + c 7 + Z12 + Z12 + dg. 
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Hence 

d 8 + z%2 = hw + i w . 

We assert that d 8 cannot be totally contained in one of hio and iio- 
Otherwise, without loss of generality, assume d 8 is contained in H\q. Then 
/iio contains an element of degree 2, a contradiction. Thus d 8 must be 
reducible and cannot be contained in one of h\Q and For d$, there are 
four possibilities: 

d 8 = c 3 + (is, C4 + c?4, C4 + C4 and 2C4. 
Step 1. No NITA such that d 8 = c 3 + d 5 . 

If d 8 = C3 + d§, then 03 + ^5 + Z12 = h\o + iio- Without loss of generality, 

let 

^10 = C3 + h 7 , ho = d 5 + i 5 . 

Then Z12 = h 7 + i§ and 



hX6 = 


c 3 + h 7 + b 8 


3 


(43) 


hye = 


ds + h + b 8 -, 




(44) 


6465 = 


b 8 + i5 + h 7 . 


1 


(45) 


&3^9 = 


c 7 + b 8 + is 


+ h 7 , 


(46) 


bl = 


1 + c 7 + 36 8 


+ c 3 + h 7 + d 5 + i 5 + h 7 + i 5 . 


(47) 



Hence C3 is real. By (|4"5|) and (6465, 6465) = 3, we have that h 7 € 5. Set 
63C3 = xq + ^3, U3 e by Lemma 12.21 . Thus (63C3, &3C3) = 2 so that 



Moreover 



Hence 



l + h. 



(&3C3)C 3 = X 6 C3+ti 3 C3, 

6 3 c| = 6§6 3 = ^3 + b 3 b 8 

= 26 3 + 69 + Xq + y e . 



C3U3 = b 3 + x 6 or 63 + y 6 , 

C3^6 = ^3+^9 + ^6 or 63 + 69 + X 6 . 
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If C3U3 = 63 + x 6 , c 3 x e = 63 + 69 + y 6 , then c 3 G 5iipp{n 3 x 6 }. But 

(W(c|) = 2 + 56 8 + 07 + C3 + d 5 + /»7 + ^7 + *5+i5, 
(63C3X63C3) = XqXq + U 3 Xq + U 3 Xq + 1 + 6 8 . 

Notice that U3X6 + 'U3a;6 contains two C3, we come to a contradiction. There- 
fore c 3 u 3 = 63 + 2/6, c 3 x 6 = 63 + 69 + x 6 . Let 63U3 = c 3 + w 6 . Then 
^3^3 = 1 + 6 8 by Lemma 12.21 and 

(£363)63 = 6 3 x 6 + 63U3 

= b 8 + c 3 + h 7 + c 3 + w 6 

Since 03(6363) is real, it follows that hj and wq are real. Since 

(63^3)03 = tf + c 3 w e 

= 1 + 6 8 + c 3 w 6 , 

(b 3 C 3 )u 3 = X 6 U 3 + U 3 U 3 

= 1 + 6 8 + x 6 u 3 , 
h(c 3 u 3 ) = 6363 + 6 3 y 6 

= l + b 8 + b 8 + d 5 + i 5 , 

we have that 

c 3 w 6 = xqu 3 = d 5 + i 5 + 6 8 , 

Since c 3 , wq are real, is is real too by above equation. By (03|), ([31]) and 
(|46p. one has that 

63^5 = ye + 69, 

63/17 = 69 + £6 + ^6 > for some Iq £ N*B. 

Considering c|ii3U3, we have that 

(c3U 3 )(c 3 n3) = 6363 + 6 3 y 6 + 6 3 y 6 + y 6 y 6 

= l + 6 8 + 26 8 + 2d 5 + 2i 5 + y 6 y 6 , 
c!(«3«3) = 2 + 56 8 + c 7 + C3 + 2i5 + 2/i 7 + d 5 . 

Comparing the number of elements of degree 5, we come to a contradiction. 
Step 1 follows. 



Step 2. There exists no NITA such that d 8 = 2C4. 
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If ds = 2c4, then 2c4 + Z12 = h\o + i\o. There exist Jiq and iq such that 
•212 = hQ + iQ. Since (6465,6465) < 4, we obtain that he, i% € B. Furthermore 

63X6 = 6 8 + c 4 + h 6 , b 3 y 6 = 6 8 + c 4 + i 6 . 

Thus 63C4 = xq + y§. Then we can set 

ct = l + b 8 +g 7 , g 7 £N*B. 

Since 6565 = 1 + 26 8 + 2C4, (C465, 65) = 2. Further (C465, C465) > 5. 
Hence 

c\ = 1 + 6s + C4 + e3 
and (C465, C465) = 5. There exists tio € -B such that 

C465 = 26 5 + ii . 

Since 

= 63 + 26 3 6 8 + 2&3C4 
= 36 3 _+ 26 9 + 4x 6 + 4y 6 , 
bb(hb5) = b 5 {b 3 + x 6 + y 6 ) 

= 63 + x 6 + y 6 + x 6 6 5 + y 6 6 5 , 

we have that 65X6 + 651/6 = 263 + 26g + 3x6 + 3yQ. On the other hand 
63(^465) = 26365 + 6 3 tio 

= 26 3 + 2x 6 + 2y 6 + 63*10, 
(6 3 c 4 )6 5 = x 6 6 5 + y 6 b 5 

= 26 3 + 26 9 + 3x 6 + 3y 6 . 

Hence 63*10 = 26g + X6 + y&, from which it follows that (6369, *io) = 2. 
Therefore (6369, 6369) > 5. But (6369, 6369) = 4 by Lemma 13.11 and h^, 
iq G B, a contradiction. 

Step 3. There exists no NITA such that d$ = C4 + d<±. 

If d 8 = C4 + d^, then there exist i% G N*B such that h\o = 04 + h^, 
ho = d 4 + i 6 , zu = Iiq + iq and 
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= c 4 + /i 6 + 6 8 , 


(48) 


hye 


= d 4 + i 6 + 6 8 , 


(49) 


6 4 6 5 


= b 8 + i 6 + h 6 , 


(50) 


6369 


= c 7 + b 8 + i 6 + h 6 , 


(51) 


bl 


= 1 + C7 + 36 8 + C4 + h& + d.4 + ie + he + h- 


(52) 



By (f5Dj) and (6465, 6465) = 3, we have that i®, he £ -B. Now we may set 
that 

63C4 = x 6 + z 6 , z e € -B, (53) 

63^4 = V6+P6,P6^B. (54) 
Substep 1. he and ^ are non-real. 

If he is real, then there exist e 3 and /3 such that 

hhe = b 9 + x 6 + e 3 , 
&3e3 = h + he- 

Thus 63123 = 1 + 6 8 bu Lemma 12.21 Since 

&3(e3e 3 ) = 26 3 + 69 + xe + ye, 
(6363)63 = ^6e3 + /3e3- 

Hence 

/3e3 = 63 + ^6 or 63 +y 6 , 

/i6e3 = 63 + 69 + 2/6 or 63 + 69 + x 6 . 

Therefore 

63(7363) = 6363 + 6 3 x 6 or 6363 + 6 3 y 6 

= 1 + 26 8 +_c 4 + /i 6 or 1 + 26 8 + d 4 + i 6 , 

73(6363) = h{he + h) 

= l + b 8 + f 3 h 6 . 

Thus 

/3^6 = 6 8 + c 4 + /i 6 or 6 8 + d 4 + ie- 
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On the other hand, one has the following equations: 

(b 3 b 3 )h 6 = h 6 + h e b 8 , 

(hh)h = (e 3 + xq + 69)63 

= 6369 + 6 3 x 6 + 6 3 e3 

= c 7 + 26 8 + 3/i 6 + i 6 + c 4 + / 3 . 

Then 

/i 6 6 8 = c 7 + c 4 + 26 8 + 2h 6 + + / 3 , (55) 

which implies that i$ and /3 are real. 
Now let us calculate (6363) (6363): 

(M3)(e 3 e 3 ) = 2 + 5b 8 + c 7 + c 4 + d 4 + 2h 6 + 2i 6 , 

(b 3 e 3 )(b 3 e 3 ) = (h 6 + / 3 ) 2 

= hi + 2f 3 h 6 + fi 

= 1 + + 36 8 + 2c 4 + 2/i 6 or 1 + hi + 36 8 + 2d 4 + 2i 6 . 

Comparing the number of elements of degree 4, we have that c 4 = d 4 , a 
contradiction. 

Symmetricly, we can prove that i§ is non-real. 

Substep 2. There exists no NITA such that <i 8 = c 4 + <i 4 and /i6, ^6 are 
non-real. 

Since (6 3 6 3 )c 4 = c 4 + c 4 6 8 and 6 3 (6 3 c 4 ) = 63X 6 + 6 3 2! 6 = c 4 + /i 6 + 6 8 -|-632! 6 , 
we have that 

c 4 6 8 = 6 8 + h 6 + b 3 z 6 , 

Because h$ is non-real and c 4 6 8 is real, Tiq £ Supp{b 3 zo} . By (j53|) . there 
exists r 8 G iV*l? such that 

63^6 = c 4 + /i 6 + r 8 . 

By ([51~]) . there exists a 3 such that 

6 3 /i 6 = 69 + z 6 + a 3 . 

Thus there exists 73 such that 63Q3 = h$ + 73. Hence a3a3 = 1 + 6 8 by 
Lemma 12.21 



46 



Since 



63(0303) 
(6303)03 



26 3 + 69 + xq + y 6 
/16O3 + 7303, 



we have that 



7303 
h 6 a 3 



63 + x 6 or 63 + y 6 , 

63 + 69 + or b 3 + b 9 +x 6 . 



Hence 



63(7303) 



6363 + 6 3 x 6 or 6363 + b 3 y 6 

1 + 2b 8 + c 4 + h 6 or 1 + 26 8 + d 4 + i 6 

73^6 + 7373_ 

1 + 6 8 + 73^6- 



73(6303) 



Therefore 



73^6 



6 8 + c 4 + /i 6 or b 8 + d 4 + i 6 . 



Since 



(6 3 6 3 )(a3Q;3) = 2 + 56 8 + c 7 + c 4 + d 4 + 2/i 6 + 2i 6 , 

(6 3 a3)(6 3 a3) = (/te + 73) (he + 73) 

= h G he + 73 /i 6 + 73^6 +_7373 

= 1 + 36 8 + 2c 4 + /i 6 + /i 6 + /i6^6 or 1 + 36 8 + 2d 4 + i& + i& + h 6 h 6 . 

Comparing the number of degree 4, we come to c 4 = d 4 , a contradiction. 
So Substep 2 follows. 

Step 4. There exists no NITA such that d 8 = c 4 + c 4 . 

If d 8 = c 4 + c 4 , then 6565 = 1 + 26 8 + c 4 + c 4 . And gSJ, (09]), §Q§, flST), 
(j52]l . (j53|) and ((Ml) still hold with d 4 = c 4 . Thus 



63(63^) 



63^6 + 63^6, 

c 4 + /i 6 + 6 8 + 6 3 z 6 , 

63^6 + 63P6 

c 4 + z 6 + 6 8 + 6 3 p 6 . 



63(63^) 



Then 



K + b 3 z 6 = i6 + b 3 p 6 . 



(56) 
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Substep 1. There exists no NITA such that h% = i§. 

If h§ = i$, then it follows from (I48p and (I5ip that there is «3 £ -B such 
that 



It is easy to see that 03 ^ ft. Since Z12 = he + he right now, it means by 
Lemma 13.11 that 



Thus (6569, 6569) = 13. 

By Lemma 13.11 we have that 

6969 = 1 + 36 8 + c 4 + c 4 + h 6 + h 6 + 63/12- 

But 6565 = 1 + 26 8 + C4 + C4. Since (6969, 6s) = 3, we have that 

13 = (6569, 6569) = 9 + (c 4 , 63/12) + (q, 63/12). 

It concludes that (04, 63/12) = (04, 63/12) = 2. Thus 

(63C4, /12) = (63C4, /12) = 2. 

From ([53]) and {Ml), it follows that 

(x 6 + z G , /12) = (ye + Pe, /12) = 2. 

Since x 6 / y 6 by (6363, 6565) = 3 and z 6 / x e , y 6 / p 6 by Lemma [272], it 
follows that /12 = 2^6 and zq = pq. Hence 63 cj = 69 + 2zq by Lemma 13. li 
Therefore (63C7, 63C7) = 5 and (b^ZQ, C7) = 2. So b^ZQ = 2C7 + C4. But 

6 8 c 7 = 6 8 + /i6 + K + 26 3 z 6 = 6 8 + h G + h 6 + 4c 7 + 2c 4 . 

It is impossible for 6 8 C7 is real and C4 not real. 



63^6 
63 h 



69 + x & + a 3 . 
69 + 2/6 + ft- 



6569 = x 6 + y e + 36 9 + a 3 + ft. 
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Substep 2. There exists no NITA such that h§ ^ i%- 

Suppose that h§ ^ i%. By ([56]) . it follows that (63^6) ^6) = (P6> b^h^) = 
(i e , b 3 z 6 ) = (b 3 i 6 , z 6 ) = 1. But b 9 G Supp{b 3 h G } by (JSTJ and (c 4 , & 6 p 6 ) = 

(C4, 63^6) = 1 by {23} and ([MI)- By {SB} , ([51]) and there exist <5 3 , z 3 
and Vg G TV* I? such that 

b 3 h 6 = b 9 +p 6 + 5 3 , (57) 

^6 = k + C^ + Vg, (58) 

hPe = K + c± + vg. (59) 

Hence 63^3 = he + 73, some 73 G -B. Therefore (6373, ^373) > 2. It follows 
that 

fafa = 7373 = 1 + bg 

by Lemma 12.21 

Since 

(6363)04 = c 4 + c 4 6 8 , 
b 3 {b 3 c A ) = b 3 y 6 + b 3 p 6 , 

= C4 + i 6 + bg + hQ + C4 + v 8 , 

we have that 046s = ca + he + i& + ^8 + &8- Then (0468, C468) > 5. Let 
C4C4 = 1 + bg + rj, r^N*B and r7 is real. By (|52p and C4 is not real, we 
have that rj = cj and then (c4&8> c^bg) = 5. Consequently vg G 5. By 
b 3 {5 3 5 3 ) = (b 3 5 3 )5 3 , we have that 

<5373 = b 3 + xq or 63 + y 6 , 

5 3 h 6 = 63 + 69 + y 6 or 63 + 69 + x 6 . 

Without loss of generality, let £373 = 63 + X6, then 

1 + 26 8 + bj = (5 3 5 3 ) (7373) = (£373) (^373) = &3&3 + b 3 X & + 63X6 + X 6 X6 

= 1 + 36 8 + Q + c 4 + /i 6 + h e + x e x 6 . 

It holds by {52]) that 

x 6 x 6 = 1 + 26 8 + c 7 + i 6 + z 6 . 



49 



Furthermore (6565, xqXq) = 5. On the other hand, the following equations 
hold: 

b 3 (b 5 b 5 ) = h + 2& 3 &8 + b 3 c A + &3C4, 

= 36 3 + 26 9 + 2x 6 + 2y 6 + x 6 + z 6 + y 6 + p 6 , 
(b 3 b 5 )b 5 = + x 6 &5 + 2/6^5 

= &3 + X 6 + 2/6 + ^6^5 + 2/6&5- 

Hence 

xah + y 6 6 5 = 26 3 + 26 9 + 2x 6 + 2y 6 + z 6 + p e . (60) 

It is proved that (6565, XqXq) = 5. By above equation and (65X5, 63) = 
(^52/5) ^3) = 1) w e can only have that 

&5X6 = b 3 + b 9 + x 6 + yQ + z 6 or 63 + 69 + x 6 + y 6 + p 6 , 
^52/6 = &3 + &9 + x 6 + y 6 + p 6 or fe 3 + 69 + x 6 + ye + Z6- 

Hence 

hihxe) = 

or 

(6365)^6 = 
Therefore 

?/ 6 x 6 = 2c 4 + h e + b s + ie + v 8 or c 4 + c 4 + /i 6 + b s + K + vs- 

If 7/6X6 = 2c4 + /i6 + &8+*6+'W8 ) then (c 4 x 6 , ye) = 2. Hence (c 4 x 6 , c 4 x 6 ) > 
5, a contradiction. Therefore 

7/6X6 = C 4 + C 4 + /l6 + b 8 + ^6 + t>8- (61) 

Thus (c 4 x 6 , ?/6) = 1- 

Considering the following equations: 

6 3 (c 4 c 4 ) = b 3 + 6 3 6 8 + fe 3 c 7 

= 26 3 + 69 + x 6 + y e + b 9 + /12, 

(6 3 c 4 )c 4 = c 4 x 6 + c 4 z 6 , 

(6 3 c 4 )c 4 = c 4 y 6 + c 4 p 6 - 
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b 3 b 3 + &3&9 + &3X6 + &32/6 + &3^6 or 6363 + 6369 + 6 3 x 6 + b 3 y 6 + b 3 pe 
1 + b s + c 7 + b 8 + K + ie + c 4 + he + b$ + c 4 + ie + b$ + ie + c 4 + v$ 
1 + b s + C7 + b s + he + i6 + C4 + he + b s + C4 + ie + bs + K + C4 + vs, 
b 3 x 6 + x 6 x 6 + y 6 x 6 

c 4 + he + 6s + 1 + 2&s + C7 + «6 + ie + 2/6X6- 



By the expression of x^xq, we have that (xq, c^x^) = 0. Consequently 
(xq, c^zq) = 1 by above equations. Because 63C7 = 69 + /12 and L\{B) = {1} 
and Lz^B) = 0, so the constituents of /12 are of degrees larger than 3. Since 
(C4X6, 63) = (04^6, 63) = 1 by ([53]) . (c^xq, c^xq) = 4 and it is proved that 
(C4X6, ye) = 1, we have that 

c 4 x 6 = 63 + y 6 + 69 + 56, 56 G 

Consequently c 4 z 6 = 63 + x 6 + 69 + fe, where /12 = fe + 56 and / 6 G TV'S. 
Let 635-6 = c 7 + £11 and b 3 f 6 = c 7 + yn, x u ,yu G N*(B). Then 

^3(C4^6) = 6363 + 6356 + 6369 + 6356 

= 1 + 6 8 + c 4 + i 6 + 6 8 + c 7 + 6 8 + /i 6 + ie + C7 + xii, 
54(63^6) = C4C4 + C4/16 + c 4 6 8 

= 1 + 6 8 + c 7 + c 4 /i 6 + c 4 + /i 6 + ie + v 8 + 6 8 ; 
h(c4Ze) = 6363 + 63X6 + 6369 + 63/6 

= 1 + 6 8 + c 4 + h e + 6 8 + c 7 + 6 8 + /i 6 + ie + c 7 + 511, 
54(63^) = C4C4 + c 4 i 6 + c 4 u 8 

= 1 + 6 8 + c 7 + c 4 i 6 + c 4 u 8 . 

Hence 

c 4 /i 6 + ^8 = 6 8 + z 6 + c 7 + xn (62) 
c 4 z 6 + c 4 u 8 = c 4 + /i 6 + 26 8 + i + /i 6 + c 7 + 511. (63) 

We assert that i> 8 7^ 6 8 . Otherwise, if vs = 6 8 , then (046s, 6 8 ) = 2. So 
(6 8 , C4) = 2, a contradiction by ([52j) . Hence u 8 G S , upp{xn} by ([62]) . Let 
a^n = ^8 + ^3; then it follows by (f62l) that 

c 4 /i 6 = 6 8 + i 6 + c 7 + x 3 . 

By (l63j) . we have that /i6 G Supple^ + c~4t> 8 }. So (c^he, ?6) > 1 or 
(C4/16, v 8 ) > 1. The latter case will leads to v$ = 6 8 , a contradiction. Hence 
(C4/16, ^6) > 1- Thus zq = zq and (c 4 /i6, «6) = 1- Furthermore 

x 6 x 6 = 1 + 26 8 + c 7 + 2z 6 . 

And it follows by flUD and §B) that 

63^6 = 69 + y e + z 3 , some z 3 G B. 
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Thus 



b 3 (x 6 x 6 ) = b 3 + 2b 3 b 8 + b 3 c 7 + 2b 3 i G 

= 36 3 + 26 9 + 2x 6 + 2y 6 + b 9 + g 6 + /„ + 2b 9 + 2y 6 + 2z 3 , 

^6(&3^6) = X 6 C4 + X 6 /l 6 + X 6 b 8 

= h + ye + bg + g G + x 6 h 6 + x 6 b 8 . 

Then xqJiq + x 6 6 8 = 2b 3 + 26 9 + 2x 6 + 3y 6 + / 6 + 26 9 + 2z 3 

By the expression of y6X$ and v 8 7^ 6§, we have that (b 8 x$, y^) = 1. 
Hence (xqTiq, yg) = 2 and so (x 6 y 6 , /i 6 ) = 2. Again by the expression 
of 2/6^6; we have that h$ = Tiq. Now ([48)) implies that xq G Supp^/ig}. 
Then p G = xq by (f5TJ) , Consequently 63C4 = X6 + 1/6) from which we have 
(6C4, 63^6) = 1. Thus C4 = C4 by (f4*8j) . Step 4 follows. This complete the 
proof of the lemma 3.4. 

Therefore (6565,63) = 1 and (6363,6565) = 2. Consequently by lemma 
3.1 we have X12 G B and (b 3 b 8 ,b 3 b 8 ) = 3. Thus Theorem 3.1 holds. Fur- 
thermore, in Lemma 3.1 we proved that C7 G B. 

4 General Information of NITA Generated by 63 
and Satisfying b\ = 63 + b$ and 6| = C3 + b$ 

Since the structure of NITA generated by 63 and satisfying 63 = 63 + b$ and 
63 = C3 + be are related, we investigate them simultaneously. Some results 
are written in the same proposition. The purpose of this section is to obtain 
(3) and (4) in the Main Theorem. The following lemmas are useful during 
our investigation. 

Lemma 4.1. (1) If '63 = 63 + 66, then b 3 b 8 = b§ + 6366; 

(2) If b\ = c 3 + bQ, then there exists an element xq G B such that 
b 3 c 3 = 63+X6 andc 3 c 3 = l+b 8 . Further b 3 b 8 = XQ+b 3 bQ andc 3 b 8 = be+b 3 XQ. 

Proof. (1) follows from (6363)63 = 6363. 

Since 63 G Supp{b 3 c 3 }, (6363, c 3 c 3 ) > 2. But (6363, c 3 c 3 ) < 2, so 
(hh, C3C3) = 2 and 

C3C3 = 1 + 6 8 , 63C3 = 63 + x 6 , x 6 G B. 
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Checking (6363)63 = 6|6 3 and c 3 (c 3 c 3 ) = 6 3 (6 3 c 3 ), one has (2). 

Lemma 4.2. 1/(6368, 636s) > 4, i/ien any constituent 0/6368 and 6366 «s 
either 63 or 0/ degree > 3 and (636s, 6363) =4, 5. 

Proof. Since (636s, 63) = 1, the degree of the sum of the remaining 
constituents of 6363 must be 21. 

On the other hand, any constituent y n of 6363 must have degree> 4. 
Otherwise, n = 3 and 637/3 = 1 + 6§, which implies that 63 = 1/3, a contra- 
diction. 

Theorem 4.1. There is no NITA generated by 63 and satisfying 6| = 63 + 65 
or bj = c 3 + 6 6 and (6 3 6 8 , 6 3 6 8 ) = 2. 

Proof. Since 6363 = 1 + 6 8 and (6363, 6363) = 2, we may assume that 
6363 = 63 + 621, where 621 £ B. By Lemma 14.11 one has that 

63 + 621 = 6 6 + 6 3 6 6 or x 6 + 6 3 6 6 . 

It is impossible. 

Theorem 4.2. There is no NITA generated by 63 and satisfying 6§ = 63 + 66 
or b\ = c 3 + 6 6 and (6 3 6 8 , 6 3 6 8 ) = 5. 

Proof. (1) there is no NITA satisfying 63 = 63 + 66 and (6363, 636s) = 5. 

By 6p3 = (6363)63, we have that 6363 = be + 6366, which implies that 
63 G Supp{b3b§}. But 63 € Snppl^e}. We need a sum with degree 7 of 
two constituents to make up 6366, which is impossible by Lemma 14.11 

(2) there is no NITA satisfying 63 = C3 + &6 and (636s, 6363) = 5. 

By Lemma |4. II and (636s, 636s) = 5, we may assume that 

(A) 6 3 6 8 = 63 + x 6 + x A + y 4 + Z7, 

(B) 6 3 6 8 = 63 + xq + x A + y 5 + z 6 , 

(C) 6 3 6 8 = 63 + x 6 + x 5 + 7/5 + z 5 . 
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Since 

63(63^3) = b 3 b 3 + x G b 3 
b\c 3 = C3C3 + c 3 6 6 _ 
= 1 + 6 8 + c 3 6 6 , 

we have that 63X6 = C366. 

Since (c 3 bg, c 3 bg) = (b 3 bg, b 3 bg) = 5 by Lemma 14. H and c 3 bg = &6+63X6 
by Lemma 14.11 we have (b 3 XQ, b 3 x$) = 4. Further (b 3 XQ, 1) 3 xq) = 4. But 
(63X6, bg) = 1. We may assume 

C3&6 = b 3 xe = bg + m 3 + n 3 + ?j 4 , 

where 7713, 71,3, V4 £ B and m3, n.3, v 4 are distinct. We may assume 

C37713 = 6 6 + m|, G S, 
C3"-3 = 6 6 + 1g. 

Hence (C37773, 037713) = 2. So m 3 m 3 = 1 + bg. Moreover 

(0303)7773 = fh 3 + fh 3 bg, 
(c 3 rh 3 )c 3 = c 3 6 6 + c 3 m| 

= 6 8 + rn 3 + n 3 + tj 4 + 03777,3 

Then 

m 3 6 8 = bg + 7I3 + 7J 4 + 037773, 
which implies that 777377-3 = 1 + bg. So 7773 = 773, a contradiction. 

Theorem 4.3. There exists no NITA generated by b 3 and satisfying b\ = 
63 + b 6 , (6 3 6 8 , b 3 b 8 ) = 4. 

Proof. Because b 3 bg = b$ + b 3 b§ by Lemma 14.11 and by assumption 
that (63681 6363) = 4, then bg G Supp{b 3 b§\ and (b 3 bs, b 3 b^) = 3. But 
63 G Supp{b 3 b§} • Thus there exists p 7 £ B such that 

63^6 = b 3 + bg + p 7 , b 3 bg = 63 + 6 6 + bg + 777. 

Hence 

(6363)68 = 6 8 + 6|_ 

63(6363) = 6363 + 6 3 6 6 + 6 3 6 8 + 63777 

= 1 + 6 8 + 63 + 6 8 + p 7 + 63 + 6 6 + 6 8 + p 7 + b 3 p 7 . 
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Consequently b\ = 1 + 63 + 63 + pj + 2b$ + bg + b 3 p 7 . On the other hand, 

(6 3 6 3 ) 2 = l + 2b 8 _+b 2 8 , 

b 2 z bl = b 3 b 3 + b 3 b 6 + b 3 b 6 + b 6 be 

= l + b 8 + b 3 + b 8 +p 7 + b 3 + b 8 +p 3 + b 6 b 6 . 

We have that 6| = b 3 + b 3 +p7+p7 + b 8 + bob§. Hence 6 6 5 6 = l + 6 6 + 6 8 + 6 3 p 7 . 
Since 

bjb 6 = b 3 b Q + 6 6 6 6 

= 6 3 6 6 + 1 + b 8 + &6 + hP7, 
h(b 3 b6) = b 3 b 3 + b 3 b 8 + b 3 p 7 

= l + b 8 + b 3 + b 6 + b 8 +p 7 + b 3 p 7 , 

it holds that 63^6 = b 3 +p 7 + b 8 . Now the following equations follow: 

63(6366) = bj + b 3 b 8 + b 3 p 7 

= 63 + 6 6 + 63 +_6 6 + 6 8 + p 7 + 6 3 p 7 , 

(6 3 6 6 )6 3 = bj + 6 3 p 7 + &8&3 

= 63 + 6 6 + ^3 + 6 6 + b 8 + p 7 + 63P7. 

Then 2b§ + p 7 + b 3 p 7 = 2b§ + pi + 63^7 . Since &6 is nonreal, we have that 
(b 3 p7, b§) = 2, a contradiction to the expression of 6366. The theorem follows. 

Theorem 4.4. There exists no NITA satisfying 6| = c 3 A-b§, (b 3 b 8 , b 3 b 8 ) = 4 
and c\ = r4 + 55 . 

Proof. Let investigate Sub-NITA generated by C2. By assumptions, 
we have that (6363, 6363) = (C3C3, C3C3), hence 6363 = C3C3. Therefore 
(C3C3, 6|) = (6363, 6|) = 4, thus (c 3 b 8 , c 3 b 8 ) = 4, a contradiction to Theo- 
rem 13.11 

5 NITA Generated by 63 Satisfying b\ = 63 + 6 6 and 
&6 non-real and 610 G 5 is real 

Now we discuss NITA satisfying the following hypothesis. 
Hypothesis 5.1. Let (A, B) be a NITA generated by an non-real element 
b 3 € B satisfies 6363 = 1 + c 8 and 6| = 63 + 66; where b§ € B is non-real. 
Here we still assume that L(B) = 1 and L2(B) = 0. In this section, we use 
the symbols 6j, q, di denote elements of B with degree i, where i>2. 



55 



By the associative law and Hypothesis 15. we have 63(6363) = (63)63, 

—2 — 

63 + c 8 6 3 = 63 + 6 6 6 3 , so 



therefore 610 G B since (63C8, 630s) = 3. 

Now we shall deal with the case 610 = 610 G B. 

Lemma 5.1. Let (A, B) satisfies Hypothesis 15. ll and 610 = 610 G B, then 

1) 6366 = c 8 + 610; 

2) 6 3 6 6 = 63 + 615, where 6 i5 G B; 

3) b 3 c 8 = b 3 + b 6 + b 15 ; 

4) 63610 = 615 + 6 6 + c 9 , c 9 G B; 

5) 63615 = 2615 + 6 6 + c 9 ; 
6; 6| = 26 6 + c 9 + 6i 5 ; 

7) 6 6 c 8 = 63 + 26i 5 + 6 6 + c 9 ; 

<Sj 6g66 = l+c$+x+y+z+w, where x, y, z, w G B, \ x+y+z+w \= 27, 
and the degrees of x, y, z and w > 5. Moreover x + y + z + w = x + y + 
z + w; 

9) c\ = 1 + 2c 8 + 26io + x + y + z + w; 

10) 63615 = 610 + c 8 + x + y + z + uv 
ilj (c 9 6 3 , c 9 ) = 1 or (6 6 c 9 , 09) > 1. 

Proof. We have seen that 



c 8 6 3 = 6 6 + 6 6 6 3 . 



Hence (6 3 6 6 , c 8 ) = (6 3 c 8 , 6 6 ) = 1, so 



6366 = c 8 + 610 



c 8 6 3 = 6 6 + 6 6 6 3 . 



(1) 



and 



6366 = c 8 + 610 



(2) 



where 610 is real. So we get (6366, 6360) = 2 and consequently we get 



6366 = 63 + 615 



(3) 
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where 615 € B. Hence by (1) 

c 8 6 3 = 63 + 6 6 + b 15 (4) 

By the associative law and (2), (3), we have 63(6366) = (6363)63 and 63 + 
61563 = C8&3 + 61063, so by (4) and Hypothesis 15.11 one gets 

61563 = 615 + 63610 (5) 

If x € B and (61563, x) = (615, 632;), so | x |> 5, Vx £ B. So every 
constituent of 63610 have degrees > 5. Since 610 is real also constituents of 
63610 have degrees > 5, by the associative law and Hypothesis 15,11 and (4), 
(2): 

(6363)08 = (6 3 c 8 )6 3 , 
c 8 + c§ = 6363 + 6 6 6 3 + 61563, 

4 = 1 + c 8 + 610 + 63615 (6) 
By the associative law and Hypothesis 15.11 and (2): 

(6363) (6363) = 6P3, 

1 + 2c 8 + eg = 6363 + 6 3 6 6 + 6 6 6 3 + 6 6 6 6 , 

cj = 26io + c 8 + 6 6 6 6 (7) 

so we get 

1 = (63615, 610) = (615, 63610). 

By (2), 

(63610, 6 6 ) = (6 3 6 6 , 610) = 1. 
63610 have constituents of degree > 5 as we proves. Therefore 

63610 = 615 + 6 6 + c 9 (8) 

where eg G B. So by (5), 

63615 = 26i 5 + 6 6 + c 9 . (9) 
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By the associative law and Hypothesis 15.11 and (2), (3), (4): 

(&§)&„ = (6 3 6 6 )6 3 , 

b 3 b& + bl = c 8 b 3 + 6i 6 3 , 



consequently 



Now 



b\ = 26 6 + 6 15 + c 9 - 



63(6365) = (6 3 6 3 )6 6 , 

4 



bl + b 15 b 3 = 6 6 + 6 6 6 8 . 



Thus 



So 



Since 



hence 



cgba = b 3 + 26i5 + 6 6 + c 9 . 
(6 6 6 6 , c 8 ) = (6 6 , 6 6 c 8 ) = 1. 
(6§, 6g) = 6 = (6 6 6 6 , 6 6 6 6 ), 



6 6 6 6 = l + c 8 + x + y + z + w 
where x, y, z, w € -B. Therefore by (7), (6) 

c| = 1 + 2c 8 + 2&io + x + + z + 

and 

6365 = h + eg + x + y + z + w. 
So (63615, m) = (63m, 615), so I m |> 5, hence 

I x |, I y |, I z [, I 10 |> 5. 

By (8), 

(63C9, 610) = (63610, Cg) = 1, 

hence 

63C9 = 610 + a, 
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where a G N*B. By the associative law and Hypothesis 15, It 

(63)09 = (6 3 c 9 )6 3 , 

C963 + c 9 6 6 = 61063 + ab 3 = 615 + 6 6 + c 9 + a6 3 . 

hence, (cg6 3 , eg) > 1, or (6gCg, eg) > 1. By (9) we conclude that either 
(c 9 6 3 ,c 9 ) = 1 or (6 6 Cg,Cg) > 1. 

We start to investigate the case (cg6 3 ,cg) = 1 of Lemma [5TT1 

□ 

Lemma 5.2. Let (A, B) satisfies Hypothesis 1 5. 1\ Assume that 610 = 610 G 
B and (cg6 3 , eg) = 1. Then we get the following: 

1) 6 3 Cg = 615 + Cg + C 3 , C 3 , Cg G B; 

2) 6 6 6i = 36i 5 + 6 3 + c 3 + eg, 6 i5 e B; 

3) c 8 6 15 = 56 15 + 6 3 + c 3 + 26 6 + 3c 9 ; 
^ 6 3 c 3 = c 9 ; 

5j 6 3 c 3 = 6g, 6g = 6g € B; 

6) 6 3 Cg = 6g + 610 + 6 8 , 6g = 6g, 6 8 = 6 8 G B; 

V c 3 6 6 = 610 + 6 8 ; 

8) 6 6 6i 5 = 46i 5 + 6 6 + 6 3 + c 3 + 2c 9 ; 

5j c 3 c 3 = 1 + 6 8 ; 

iOj 6 6 6 6 = 1 + c 8 + 6 9 + 6 8 + c 5 + 65, c 5 + 65 = c 5 + 6 5 ; 
1 1) 4 = 1 + 2c 8 + 26io + 69 + 6 8 + 65 + c 5 ; 

6 3 6i 5 = 610 + c 8 + 69 + 6 8 + 65 + c 5 ; 
i5; 6 6 6i 5 = 2c 8 + 36i + 26 9 + 26 8 + 65 + c 5 ; 

14) c 8 6i = 2c 8 + 26io + 26 9 + 26 8 + 65 + c 5 ; 

15) b 6 c 9 = 610 + c 8 + 26 9 + 6 8 + 65 + c 5 ; 

16) b\ = l + 2c 8 + 26io + 36 9 + 26 8 + 26 5 + 2c 5 . 

Proof. By 5) in Lemma 15.11 , (6 3 cg, 615) = (eg, 6 3 6i5) = 1- So by the 
assumption in the lemma, (6 3 cg, eg) = 1, hence 

6 3 c 9 = 615 + eg + c 3 , (1) 

where c 3 G B. By the associative law and Hypothesis [5J] and 4) in Lemma 

EI 

(b 2 3 )h = (6 3 6 10 )6 3 , 
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MlO + MlO = 61563 + 6 6 6 3 + Cg6 3 , 

by 2), 4), 5) in Lemma 15.11 and (1), 

b 6 b w = 36i 5 + 63 + c 3 + c 9 . (2) 
By the associative law and Hypothesis 15.11 and 5) in Lemma 15.11 

(6363)615 = (63615)63, 

C8&15 + &15 = 261563 + hh + c 9 b 3 , 
by (1) and 2), 5) in Lemma 15.11 

c 8 6i 5 = 5&15 + 63 + c 3 + 26 6 + 3c 9 . (3) 



By (1), 

hence 

So 

hence 



(c 3 6 3 , Cg) = (63C9, c 3 ) = 1, 

C363 = Cg (3'). 
(C363, C363) = (6 3 Cg, C 3 ) = 1, 



C363 = 6g. (4) 
By the associative law and Hypothesis 15.11 and (3) 

C3O3) = (^363)63, 
C363 + c 3 6 6 = c 9 6 3 , 

hence 

c 9 6 3 = 6 9 + c 3 6 6 (5) 

(1) and (4) in Lemma [57TJ (c 9 6 3 , 610) = (63610, eg) = 1, (6 3 c 9 , 6 3 c 9 ) = 
(63 eg, 6 3 cg) = 3, hence 

c 9 6 3 = 6g + 610 + 6 8 , (6) 
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where b$ G B. So 



C 3 b 6 = ho + h 



(7) 



By the associative law and Hypothesis 15.11 and 4) in Lemma 15.11 

(£3^3)610 = (63610)^3 

bio + c 8 6i = &15&3 + b 6 b 3 + c 9 b 3 , 
by 1), 10) in Lemma 15.11 and (6) 



610, c 8 are reals , so if 6 8 b$, then (c 8 6io, 6 8 ) 7^ 0, and without lose of 
generality x = 6 8 , so x = bg and by 8) in Lemma 15.11 and without lose of 
generality y = 6 8 , so by (8) (c 8 &io, bs) = 2, hence (c 8 6io, bg) = 2, so without 
lose of generality z = bs , hence z = b% and by 8) in Lemma 15.11 without 
lose of generality w = b% then (cs&io, bg) = 3 a contradiction. Hence bs = b%. 
In the same way 69 = 69. 

By the associative law and 2), 6) in Lemma 15.11 

(bj)b 3 = {beh)h 
26 6 6 3 + C963 + 61563 = b 3 b e + 6i 5 6 6 . 
and by Lemma 15.11 and (6) 



c$b w = c$ + x + y + z + w + b8. 



(8) 



6 6 6i 5 = 2c 8 + 36io + b 8 + bg + x + y + w + z. 



0) 



By the associative law and Hypothesis and 4) in Lemma I5.lt 



bio(b 3 b 3 ) = {b 3 b 10 )b 3 



bio + c 8 6io = b 3 b 15 + b 3 b 6 + b 3 c 9 



by (6) and 1) , 10) in Lemma 15.11 



c 8 &io = 2c 8 + 2b w + x + y + z + w + b 8 + bg. 



(10) 



By the associative law and 2), 3), 6) in Lemma 15.11 and (3): 



csihh) = (b 3 c s )b 6 
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&3C8 + 6i 5 c 8 = 6 3 6 6 + b 2 & + b 15 b 6 , 
b 6 b 15 = 46i 5 + 6 6 + 6 3 + c 3 + 2c g . 
By the associative law and (1), (4), (6) and Hypothesisl: 

(&2)C 9 = (6309)63, 

63C9 + 6 6 C 9 = 61563 + C963 + C363, 
6 6 Cg = 610 + c 8 + x + y + Z + W + 69. (11) 
By the associative law and l)in the Lemma 15.11 and (2): 

(6366)610 = (6 6 6io)& 3 

C8610 + 6i = 361563 + 6363 + C363 + C963, 
by (4), (6), (10) and Hypothesis O 

b 2 w = 1 + 2c 8 + 69 + 26io + 2x + 2y + 2z + 2w. (12) 

By (2), (6 6 &i , 6 6 6i ) = 12. But by 8) in Lemma[5H]and (12) (6 6 6 6 , 6? ) = 
10, so we get without lose of generality 

x = 69. (13) 

By (4) and that 69 = 69, (c 3 6 3 , C363) = (&§, 4) = 1. but h J ( 3 ') ( c l & s) = 
(C363, C3) = 0, so by hypothesis 15.11 



Hence 



so 



(4 be) = 1. (14) 
(c 3 c 3 , C3C3) = 2, 
c 3 c 3 = 1 + t s . (15) 



By (4) 



(C363, C363) = (C3C3, 6363) = 1, 

therefore by hypothesis tg 7^ c$. By (12), (13) and 9) in Lemma 15.11 

( b io, eg) = 18 = (c 8 610, cfc&io). 
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So by (8) we conclude that without lose of generality 

y = h. (16) 

So by (13), (16) and 8) in lemma 1 we obtain | z \=\ w |= 5, set z = 65 and 
w = c 5 . By (7), 

(c 3 6 6 , c 3 6 6 ) = (c 3 c 3 , b e b 6 ) = 2, 

so by (15) and 8) in Lemma 15.11 and by (16) t 8 = b 8 . So C3C3 = 1 + b 8 . By 
8), 9), 10) in Lemma ED and (10), (11), (12), (13), (16), (9) 

b 6 b 6 = 1 + c 8 + b 9 + b 8 + c 5 + 65, 

cj = 1 + 2c 8 + 26io + b 9 + b 8 + 65 + c 5 , 

&3&15 = &10 + c 8 + b 9 + b 8 + b 5 + c 5 , 
b 6 b 15 = 2c 8 + 3&io + 26 9 + 2b 8 + 65 + c 5 , 
c 8 b 10 = 2c 8 + 26io + 26 9 + 2b 8 + 65 + c 5 , 

6 6 c 9 = 610 + c 8 + 26 9 + b 8 + 65 + c 5 , 
b 2 1Q = 1 + 2c 8 + 26io + 36 9 + 26 8 + 2b 5 + 2c 5 . 

□ 

Lemma 5.3. Let (A, B) satisfy Hypothesis 1 5. 11 Assume that bio = &io £ ^ 
and (c 9 &3, eg) = 1. T/ien w;e ge£ t/ie following equations: 

I) 6369 = 615 + c 9 + c 3 ; 
£,) c 3 c 8 = c 9 + 615; 

59 63^8 = ^15 + eg; 
6 3 c 5 = 615; 

5j 63^5 = ^15; 

6) b e b 5 = 6 15 + b 6 + c 9 ; 

7j6 6 C9 = 26i5 + 2c 9 + 6 6 ; 

c 3 6 6 = c 3 + 615; 
9) b 6 b 9 = 2&15 + b 6 + 2c 9 ; 
iOj 6 6 C5 = ^15 + ^6 + eg; 

II) b 6 b 8 = 2b 15 + b 6 + c 3 + c 9 ; 
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12) c 3 6io = &15 + h + c 9 ; 

C3C9 = 615 + Cg + 63; 

^ c 3 b 8 = c 3 + 6 6 + &15; 

i5j C369 = 6i5 + b 3 + c 9 ; 

^ C3615 = 2615 + 6 6 + c 9 ; 

^ 7; & = 56is + 63 + c 3 + 26 6 + 3c 9 ; 

18) b 8 Cg = 36i5 + 2cg + 6 6 + 6 3 . 

Proof. By 5), 6), 12), in Lemma 15.21 

(6 3 6g, C 3 ) = (63C3, bg) = 1, 
(6 3 6g, Cg) = (6 3 Cg, bg) = 1, 

&15) = (M>i5, M = 1, 

then 

&3&9 = 615 + Cg + C 3 . 

By the associative law and 1), 4) in Lemma 15.21 and Hypothesis 15.11 

(^3C3)^3 = (M3)C3, 

cgfe 3 = c 3 + c 3 c 8 , 

so 

C 3 C 8 = Cg + 615. 

By 6), 12) in Lemma E21 

(hh, &15) = (M>i5,M = 1, 

(6 3 6 8 , Cg) = (6 3 Cg, b 8 ) = 1, 

then 

b 3 b 8 = &15 + eg. 

By the associative law and 2) in Lemma 15.11 and 10) in Lemma 15.21 

{beb e )b 3 = {b 3 b 6 )b 6 , 
&3 + c 8 &3 + + hh + C563 + hh = b 3 b G + bi 5 b 6 . 
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by 2), 3)in Lemma 15.11 and (3), (1) and 8) in Lemma 15.21 

C563 + 6563 = 2615, 

so 

C563 = &15, 
6563 = hb- 

By the associative law and Hypothesis 15.11 and (5) and 5) in Lemma 15.11 

(63)65 = (>3&5)ft3 = 63615, 
6365 + 6 6 6 5 = 2615 + 6 6 + c 9 , 

by (5) 

(6365, 6365) = (6563, 6563) = 1. 
So 6365 = 615, therefore 

6665 = 615 + b 6 + c 9 . 
By the associative law and 4) , 7) in Lemma 15.21 

(63C 3 )6 6 = (c 3 6(3)63, 

C9&6 = 61063 + 6363, 
by 4) in Lemma 15.11 and by (3) 

b 6 c 9 = 26i 5 + 2cg + b e . 

By the associative law and Hypothesis 15.11 and 5) in Lemma 15.21 

(&§) c 3 = (63C3)6 3 , 63C3 + b G c 3 = b 9 b 3 , 

so by (1) and 4) in Lemma 15.21 

66C3 = c 3 + 615. 

10), 13), 15) in Lemma [531 

{b e b 9 , 615) = (6 6 6i 5 , 69) = 2, 
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(b 6 b 9 , 6 6 ) = (69, b 6 b 6 ) = 1, 

(& 6 & 9 , Cg) = (6 6 Cg, 69) = 2, 

SO 

b 6 b 9 = 2b 15 + b 6 + 2c 9 . 
By the associative law and Hypothesis 15.11 and (4) : 

(fr!) c 5 = (hc 5 )b 3 , hes + hc 5 = h 5 b 3 , 
by 5) in Lemma 15.11 

&3C5 + b 6 c 5 = 2615 + b 6 + Cg, 

(C563, C563) = (C563, C563) = 1, 

so 63C5 = 615, hence by 7), 10), 13), and 15) in Lemma 1531 

b6C 5 = b 15 + b e + c 9 

(6 6 &8, c 3 ) = (5 6 C3, &s) = 1, {hbs, b 6 ) = (b$, & 6 6 6 ) 
(b 6 b 8 , c 9 ) = (b 8 , b 6 c 9 ) = 1, (6 6 6 8 , 615) = (b G b 15 , b 8 ) 

so 

b 6 b 8 = 2615 + 6 6 + C 3 + Cg. 
By the associative law and 1) in Lemma 15.11 and (8) 

C 3 (b 3 b G ) = {c 3 b 6 )b 3 , C 3C8 + C 3 b 10 = C363 + b 15 b 3 

by (2), 4) in Lemma 15.21 and 5) in Lemma 15.11 

C3610 = &15 + h + Cg. 
By the associative law and 4) , 9) in Lemma 15.21 

(C3C 3 )&3 = (C3&3)C3, 63 + b S b 3 = CgC 3 , 

by (3) 

C3Cg = &15 + Cg + 63. 
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By the associative law and 6) in Lemma 15.21 and (13) 

(^3Cg)c 3 = (c 3 c 9 )&3, 

bgC3 + h c 3 + b 8 c 3 = b 15 b 3 + c 9 b 3 + f>§, 
by (12) and 5) in Lemma 15.11 and 1) in Lemma 15.21 and Hypothesis 15.11 

bgc 3 + b 8 c 3 + &i5 + b e + c 9 = 26i 5 6 6 + eg + 615 + c 9 + c 3 + 63 + be, 

b 9 c 3 + b 8 c 3 = 2&15 + c 9 + c 3 + b 3 + b 6 , 
by 5), 7), 9) in Lemma 15.21 

(6 8 c 3 , b 3 ) = (c 3 b 3 , b 8 ) = 0, (6 8 c 3 , c 3 ) = (b 8 , c 3 c 3 ) = 1, (b 8 c 3 , b e ) = (b 8 , c 3 b 6 ) = 1, 
so 

b 8 c 3 = c 3 + b 6 + b 15 , (14) 

hence 

&9C3 =^15+^3 + eg. (15) 
By the associative law and 2) in Lemma 15. la nd 7) in Lemma 15.21 

c 3 (b 3 b G ) = {c 3 b 6 )b 3 , c 3 b 3 + c 3 b l5 = b w b 3 + b 8 b 3 , 

by 4) in Lemma 15.21 and 4) in Lemma 15.11 and (3): 

c 3 bi5 = 2&15 + 6 6 + eg- (16) 

By the associative law and 9) in Lemma 15.21 

(c 3 bi5)c 3 = (c 3 c 3 )b 15 , 2b 15 c 3 + b 6 c 3 + c 9 c 3 = 615 + b 8 b 15 , 

by (16) and (8) , (13) 

b 8 b 15 = 5b 15 + b 3 + c 3 + 26 6 + 3c 9 . (17) 

By the associative law and (13) and 9) in Lemma 15.21 

(c 3 C 3 )cg = (c 3 Cg)c 3 , Cg + b 8 C 9 = 6 i5 C 3 + CgC 3 + 6 3 C 3 , 
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by (13), (16) and 4) in Lemma 15. 2t 



Cg + b 8 Cg = 2&i5 + 6 6 + Cg + 615 + Cg + b 3 + Cg, 

then 

b$c 9 = 3b 15 + 2c 9 + b 6 + b 3 . (18) 

□ 

Lemma 5.4. Lei (A, 5) satisfies Hypothesis \5.1\ Assume that b\$ = b\$ € 
B and (c 9 b 3 , eg) = 1. Then we get the following equations: 
1) c 3 c 9 = 610 + b 9 + c 8 ; 

C3615 = 65 + C 5 + C 8 + 6 8 + 6g + b w ; 

3) c 2 3 = c 3 + b 6 ; 

4) bi 5 b 15 = 1 + 36 5 + 3c 5 + 5c 8 + 56 8 + 66 6 + 6&i ; 

5) b 2 15 = 96is + 46 6 + 26 3 + 2c 3 + 6c 9 ; 

6) b w b 15 = 6615 + 36 6 + 63 + c 3 + 4c 9 ; 

7) C9615 = 26 5 + 2c 5 + 3c 8 + 36 8 + 36 9 + 46 10 ; 

8) cg6i 5 = 6615 + 2b 6 + 63 + c 3 + 3c 9 ; 

9) c 2 9 = 3&15 + b 3 + c 3 + 26 6 + 2c 9 ; 

c 9 cg = 1 + 2c 8 + 26 9 + 26io + c 5 + 65 + 26 8 ; 
iij c 8 c 9 = 3615 + b& + c 3 + 2c 9 ; 

69C9 = h + 2c 9 + 36i5 + c 3 + 26 6 ; 
J5; C9610 = 63 + 2c 9 + 36is + c 3 + 26 6 ; 
14) 65C9 = 2615 + b 6 + c 9 ; 
i5j C5C9 = 2615 + 6 6 + c 9 ; 

6 5 = 6 5 , c 5 = c 5 ; 

17) c 3 b 5 = b 15 ; 

18) C3C5 = 615. 

Proo/. By 2), 12), 15) in Lemma|U| (c 3 c 9 , 610) = (c 3 &io, eg) = 1, (c 3 c 9 , feg) = 
(c 3 6g, eg) = 1, (c 3 cg, eg) = (c 3 c 8 , eg) = 1, then 

C3C 9 = 610 + feg + c 8 . (1) 

By the associative law and 3) and 14) in Lemma 15.31 

{b 3 b%)c 3 = (c 3 b 8 )b 3 , 615C3 + c 9 c 3 = c 3 b 3 + b 6 b 3 + b 15 b 3 , 
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by 5), 12) in Lemma 15.21 and (1) and 1) in Lemma 15.11 

c 3 bi 5 = b 5 + c 5 + c 8 + b 8 + b 9 + b 10 . (2) 
By the associative law and (1) and 1) Lemma 15.21 

(6 3 c 9 )c 3 = (c 3 c 9 )6 3 , b 15 c 3 + c 9 c 3 + 4 = b 10 b 3 + 6963 + c 8 b 3 , 
by 1), 13), 16) in Lemma 15.31 and 3), 4) in Lemma 15.11 

c| = c 3 + 6 6 . (3) 
By the associative law and 2) in Lemma 15.11 and 8) in Lemma 15.21 

(b 3 be)bi5 = (6 6 6i 5 )6 3 , 

63615 + 615615 = 461563 + 6 6 6 3 + 6363 + C363 + 2c 9 6 3 . 

By 6), 5), 12) in Lemma 15,21 and 1) in Lemma 15.11 and Hypothesis 15.11 we 
obtain that 

615615 = 1 + 36 5 + 3c 5 + 5c 8 + 56 8 + 66 6 + 66i . (4) 
By the associative law and 2) in Lemma 15.11 and 13) in Lemma 15.21 

(636,3)615 = 63(6,3615), 

63615 + 615 = 2c 8 6 3 + 361063 + 26963 + 26 8 6 3 + 6563 + C563, 
by 3), 4) in Lemma 15.11 and 1) , 3), 4), 5) in Lemma 15.31 

6? 5 = 96is + 46 6 + 26 3 + 3c 3 + 6c 9 . (5) 

By 4), 12), 13) in Lemma 15.21 and 12) in Lemma 15.31 and 5) in Lemma 
ED 

(610615, 63) = (610, 615615) = 6, (610615, 6 6 ) = (61566 5 ho) = 3, 

(610615, 63) = (61563, 610) = 1, (610615, C 3 ) = (&10C3, 615) = 1, 

(610615, 63C3) = (61563, 610C3) = 4, 
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so (610615, eg) = 4. hence 

610615 = 6615 + 36 6 + 63 + c 3 + 4c 9 . (6) 

By the associative law and 4) in Lemma 15.21 and 16) in Lemma 15.31 

(63^3)615 = 6 3 (c 3 6i 5 ), C9615 = 261563 + 636(3 + 63C9, 

by 6), 12) in Lemma 15.21 and 1) in Lemma 15.11 

C9615 = 26 5 + 2c 5 + 3c 8 + 36 8 + 36 9 + 46i . (7) 

By 4) and Lemma 15.21 and (2) we get: 

(63^3)615 = (c 3 615)63, 

C9615 = 6563 + C563 + c 8 6 3 + 6 8 6 3 + 6963 + 61063, 
by 1), 3), 4), 5) in Lemma 15.31 and 3), 4) in Lemma 15.11 

C9615 = 6615 + 26 6 + 63 + c 3 + 3c 9 . (8) 

By the associative law and 4) in Lemma 15.21 and (1): 

(6 3 c 3 )c 9 = 6 3 (c 3 c 9 ), C9 = 61063 + 6963 + c 8 6 3 , 

by 3), 4) in Lemma 15.11 and 1) in Lemma 15.31 

c\ = 3615 + 63 + c 3 + 26 6 + 2c 9 . (9) 

By the associative law and 4) in Lemma 15.21 and 13) in Lemma 15.31 

(63C 3 )c 9 = 6 3 (c 3 c 9 ), C9C9 = 63615 + 63C9 + 6363, 

by 6), 12) in Lemma 15.21 and Hypothesis 15.11 

c 9 c 9 = 1 + 2c 8 + 26 9 + 26io + c 5 + 65 + 26 8 . (10) 

By the associative law and 4) in Lemma 15.21 and 2) in Lemma 15.31 

(63C 3 )c 8 = (c 3 c 8 )6 3 , c 9 c 8 = C963 + 61563, 
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by 1) in Lemma 15.21 and 5) in Lemma 15.11 

C 9 C 8 = 3&15 + 6 6 + c 3 + 2c 9 . (11) 
By the associative law and 5) in Lemma 15.21 and 13) in Lemma 15.31 

(b 3 C3)c 9 = (c 3 C 9 )6 3 , 6 9 C 9 = 61563 + C963 + &§, 

by 5) in Lemma 15.11 and Hypothesis 15.11 and 1) in lemma [5\2l 

69C9 = 6 3 + 2c9 + 36i5 + c 3 + 26 6 . (12) 

By the associative law and 4) in Lemma 15.21 and 12) in Lemma 15.31 
(^3C 3 )6i = (c 3 6i )6 3 , C9610 = 61563 + 6 6 6 3 + C963, 

by 2) and 5) in Lemma 15.11 and 1) in Lemma 15.21 

C9610 = 63 + 2c 9 + 46i 5 + c 3 + 6 6 . (13) 

By (2), 

(C365, 615) = (65, C3615) = 1, (c 3 C 5 , 615) = (C 5 , C3615) = 1. 

So 

C365 = 615, (14) 
C3C5 = 615. (15) 
Hence by 4), 5) in Lemma 15.21 and the associative law: 

(£365)63 = (6 3 c 5 )6 5 , (c 3 c 5 )6 3 = (6 3 c 3 )c 5 , 

^15^3 = C965, 61563 = C9C5. 
By 5) in Lemma l5.ll we get: 

&5C9 = 2615 + b 6 + eg, (16) 

C5C9 = 26i 5 + 6 6 + c 9 . (17) 
By the associative law and 12) in Lemma 15.21 and 5) in Lemma 15.31 

(63615)65 = (6365)615 = 615615, 
610&5 + c 8 6 5 + 6965 + 6 8 6 5 + 65 + C565 = 615615, 
so 65 is real and so C5 is real. So by (14), (15) C365 = 615, C365 = 615. □ 
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Lemma 5.5. Let (A, B) satisfies Hypothesis 1 5. 1\ Assume that 610 = frio G 
B and (C963, eg) = 1. Then we get the following equations: 

I) &5C8 = c 5 + c 8 + 6 8 + 69 + 610/ 

&5^8 = C 5 + C 8 + 6 8 + 69 + 610; 

3j 6569 = 610 + c 8 + 69 + 6 8 + 65 + c 5 ; 
4) 65610 = c 8 + 6 8 + b 9 + 65 + 2&i ; 
5; 6§ = 1 + 610 + 69 + ^5; 
6) C565 = 6 8 + c 8 + 6 9 ; 
7j c 8 6 8 = 65 + c 5 + c 8 + 6 8 + 26 9 + 26i ; 
8) c 8 6 9 = 26 8 + 26 9 + 26io + 65 + c 5 + c 8 ; 
5; bl = 1 + 65 + c 5 + 2c 8 + 26 8 + 26 9 + 26 10 ; 
10) bj = 1 + 65 + c 5 + c 8 + 26 8 + 69 + 26io; 

II) 6 8 6 9 = 65 + c 5 + 2c 8 + 6 8 + 26 9 + 26i ; 

12) 6 8 6i = 65 + c 5 + 2c 8 + 26 8 + 26 9 + 26i ; 

13) c 5 c 8 = 65 + c 8 + 6 8 + 69 + 610; 

14) c 5 6 8 = 65 + c 8 + 6 8 + 69 + 610; 

15) C569 = 610 + c 8 + 69 + 6 8 + 65 + c 5 ; 

16) C5610 = 6 8 + c 8 + 69 + c 5 + 26i ; 
i7j c 2 5 = l + 6 9 + 6 10 + c 5 ; 

65615 = 36i 5 + 6 6 + 63 + c 3 + 2c 9 ; 
C5615 = 3615 + 6 6 + 63 + c 3 + 2c 9 ; 
20) 69615 = 6615 + 3c 9 + 63 + 26 6 + c 3 ; 

69610 = 65 + c 5 + 2c 8 + 26 8 + 26 9 + 36i . 

Proof. By the associative law and Hypothesis 15.11 and 12) in Lemma 15.21 

hihh) = (6365)63 = 61563, 
65 + 6 5 c 8 = 61563 = 610 + c 8 + 6 9 + 6 8 + 65 + c 5 . 

Thus 

c 8 65 = c 5 + c 8 + 6 8 + 69 + 6i . (1) 
By the associative law and 9) in Lemma 15.21 and 18) in Lemma 15.41 

(c3C 3 )6 5 = (c 3 6 5 )c 3 , 65 + 6 5 6 8 = 615C3, 
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by 2) in lemma [57 

656s = c 5 + c 8 + 6 8 + b 9 + 6 10 . (2) 
By the associative law and 5), 12) in Lemma 15.21 and 18) in Lemma 15.41 

(6303)65 = (0365)63, 

6965 = 61563 = b w + 03 + 69 + 63 + 65 + c 5 . (3) 
By the associative law and 1) in Lemma 15.11 and 5) in Lemma 15.31 

(&3&e)&5 = (6365)66, c 8 6 5 + b 10 h = b 15 b 6 , 

by (1) and 13) in Lemma 15.21 

^io = c 8 + b 8 + b 9 + 6 5 + 26io . (4) 

By the associative law and 12) in Lemma 15.21 and 5) in Lemma 15.31 

(63615)^5 = (6365)615, 

61065 + c 8 6 5 + 6965 + b 8 b 5 + 65 + C565 = 615615, 
so by 4) in Lemma Q and (1), (2), (3), (4), 

65 + C565 = 1 + 65 + 2b 9 + 610 + 6 8 + c 8 , 

by (2), (4), (3), (1), 

(65, 610) = (65, 65610) = 1, (65, 69) = (65, 6569) = 1, 

so 

b 2 b = 1 + 610 + 69 + 65, (5) 
0565 = 63 + 08 + 69. (6) 
By the associative law and Hypothesis 15.11 and 3) in Lemma 15.31 

(6363)63 = (6363)63, 63 + c 8 6 8 = 61563 + C963, 
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6), 12) in Lemma 15.21 and 

c 8 6 8 = 6 5 + C5 + c 8 + fe 8 + 269 + 26 10 . (7) 

By the associative law and Hypothesis 15.11 and 1) in Lemma 15. 3t 

(6363)69 = (6369)63, 69 + c 8 6 9 = 61563 + C963 + C363. 

5), 6), 12) in lemma E2 

69 + c 8 6 9 = 610 + c 8 + 69 + 6 8 + 65 + c 5 + 69 + 6 10 + 6 8 + 69, 

By 5) in Lemma 15.21 and 15) in Lemma 15.31 we obtain 

c 8 6 9 = 26 8 + 269 + 26 10 + 6 5 + C5 + c 8 . (8) 

(6 3 c 3 )6 9 = (c 3 6 9 )6 3 , 69 = 61563 + 6363 + C963, 
by 12) in Lemma 15.21 and Hypothesis 15.11 and 6) in Lemma 15.21 

bl = l + &5 + C 5 + 2c 8 + 2& 8 + 26 9 + 26i . (9) 

By the associative law and 9) in Lemma 15.21 and 14) in Lemma 15.31 

(c3C 3 )6 8 = c 3 (c 3 6 8 ), 6 8 + 6 8 = C3C3 + c 3 6 6 + c 3 6i 5 , 
by 7) , 9) in Lemma 15.21 and 2) in Lemma 15.41 

b\ = l + 65 + c 5 + c 8 + 26 8 + 6 9 + 26io. (10) 
By the associative law and 9) in Lemma 15.21 and 15) in Lemma 15.31 

(C3C 3 )6 9 = (c 3 6g)c 3 , 69 + 6 8 6g = 615C3 + 63C3 + C9C3, 
by 1), 2) in Lemma 15.41 and 5) in Lemma 15.21 

69 + 6 8 6 9 = 65 + C 5 + C 8 + 6 8 + 69 + 610 + 6g + 610 + 6g + c 8 , 

6 8 6 9 = 6 5 + C5 + 2c 8 + 6 8 + 26 9 + 26io. (11) 
By the associative law and 9) in Lemma 15.21 12) in Lemma 15.31 

(c3C 3 )6i = (c 3 6io)c 3 , 610 + 6 8 6i = 6i 5 c 3 + 6 6 c 3 + c 9 c 3 , 
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so by 1), 2) in Lemma 15.41 and 7) in Lemma 15.21 

63610 = h + c 5 + 2c 8 + 26 8 + 2b 9 + 2b w . (12) 

By the associative law and Hypothesis 15.11 and 4) in Lemma 15.31 12) in 
Lemma 15.21 

(6363)05 = (6305)63, 

C5 + C 5 C 8 = 61563 = 610 + C 8 + 69 + bg + 65 + c 5 , 

C5C8 = 610 + c 8 + 69 + 6 8 + 65. (13) 
By the associative law and 9) in Lemma 15.21 and 2), 18) in Lemma 15.41 

(0303)05 = (0305)03, 

C5 + C5&8 = &15C3 = 65 + c 5 + c 8 + 6 8 + 69 + 610, 

C568 = 65 + c 8 + 6 8 + 69 + 610- (14) 
By the associative law and 5), 12) in Lemma 15. 2\ 18) in Lemma 15.41 : 

(b 3 C3)c 5 = {c 3 c 5 )b 3 , 

69C5 = 61563 = 610 + c 8 + 69 + 6 8 + 65 + c 5 . (15) 
By the associative law and 1) in Lemma 15.11 and 10) in Lemma 15.31 

(6366)05 = (6505)63, 

C 8 C 5 + 610C5 = 61563 + 636(3 + 63C9. 

By 6), 12) in Lemma 15.21 and (13) and 1) in Lemma 15. II we get: 

6io + c 8 + 6 9 + 6 8 + 6 5 + 6ioC5 = 610 + 03 + 69 + 63 + 65 + 05 + 03 + 610 + 69 + 610 + 6, 

61005 = 05 + 03 + 2610 + 69 + 63. (16) 
By the associative law and 10) in Lemma 15.21 , 10) in Lemma 15.31 

(666 6 )c 5 = 6 6 (6 6 c 5 ), 

05 + 0503 + 6905 + 6 8 c 5 + 05 + &5C5 = 6 6 6i5 + 6 6 6 6 , 
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by (13), (15), (14), (6) and 10) , 13) in Lemma El 

cj = 1 + b 9 + b w + c 5 . 
By the associative law and 18) in Lemma 15.41 and (5): 

C 3 b\ = {c3h)h, 

C3 + b W C 3 + 6gC 3 + 65C3 = 61565, 

so by 12), 15) in Lemma 15.31 and 17) in Lemma 15. 4[ 

&5&15 = 36i 5 + b 6 + 63 + c 3 + 2c 9 . 
By the associative law and 18) in Lemma 15.41 and (17): 

(c§)c 3 = (C 5 C 3 )C 5 , C 3 + 6gC 3 + b W C 3 + C5C3 = 615C5, 

so by 12), 15) in Lemma 15.31 and 18) in Lemma 15.41 

615C5 = 36i5 + b 6 + 63 + c 3 + 2c 9 . 

By the associative law and 4) in Lemma I5.3a nd (15) 

(hc5)b 9 = b 3 (c 5 b 9 ), 

615&9 = + c 8 b 3 + 6563 + C563 + 6963 + 61063, 
by 3), 4) in Lemma 15.11 and 1), 3), 4), 5) in Lemma 15. 3t 

61569 = 615 + Cg + 63 + 6 6 + 615 + 26i 5 + 2615 + 2c 9 + c 3 + 6 6 , 

615 6g = 6615 + 3c 9 + 63 + 26 6 + c 3 . 
By the associative law and 5) in Lemma 15.21 and 4) in Lemma 15.11 

^io(^3C3) = (61063)03, 
610^9 = h5C 3 + 6 6 c 3 + c 9 c 3 , 

610^9 = 65 + C 5 + C 8 + 6 8 + 6g + 610 + 6 8 + C 8 + 6g + 610, 

b w b 9 = 65 + c 5 + 2c 8 + 26 8 + 26 9 + 36io, 
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So we finished the investigation of 11) in Lemma [5.11 subcase (C963, eg) = 
1. Thus we have in the remaining case that (63C9, eg) = 0. In the rest 
of this section let us deal with the investigation of 11) Lemma 15.11 subcase 
(6 6 c 9 ,c 9 ) > I. 

Lemma 5.6. Let (A, B) satisfies Hvpothesis \5.1[ Assume that bio = 610 £ 
B and (b^cg, eg) > 1. Then we get: 

1) b 3 cg = b\Q + x + s, s^B, \x + s\=17, \ s\ = \s\; 

2) (C8&15, Cg) = (c 8 Cg, 615) = 2; 

3; 6 6 c 9 = 3c 9 + bis + b 6 + f 6) t 6 G N*B; 

4) csho = 2c 8 + 26io + 2x + y + z + w + s; 

5) 6 6 &i5 = 3&io + 2c 8 + x + y + z + w + x + s; 

6) 63C9 = 615 + e + 0, e, 8 eB, I e + |= 12; 

7) b 6 b 10 = b 3 + 36i 5 + £ + 9; 

8) c 8 6 15 = 56 15 + 2b 6 + 2c 9 + b 3 + e + 0. 

Proof. By the associative law and Hypothesis 15.11 and 10) in Lemma 15.11 

(&!)6i5 = (63615)63, 

63615 + b 6 bi5 = h b 3 + c 8 b 3 + b 3 (x + y + z + w). 
So by 5), 4), 3) in Lemma 15.11 

b 6 bis = b 3 + b 6 + b 3 (x + y + z + w). (1) 

By the associative law and Hypothesis 15.11 and 4) in Lemma 15.11 

Oi)&io = (Mio)^, 

63610 + 66610 = 61563 + 6 6 6 3 + cg6 3 , 
by 4), 5), 2) in Lemma 15.11 

66610 = 63 + 2615 + 6309. (2) 

By the associative law and(2) and 4) in Lemma 15.11 

(63610)66 = (6 6 6i )6 3 , 
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6 6 + ^15^6 + 6 6 Cg = £>i + 261563 + (6 3 6 3 )c 9 . 
so by 5), 6) in Lemma 15.11 and Hypothesis 15.11 

26 6 +C9+6i5+63+6 6 +6 3 (x+y+2:+u>)+6 6 C9 = 6 3 +6 6 +46i5+26 6 +2cg+cg+c 8 cg, 

hcg + 63(3; + y + z + w) = 36i 5 + 2c 9 + c 8 c 9 . (3) 
By the associative law and 6) , 7) in Lemma 15.11 

(6g)c 8 = (6 6 c 8 )6 6 , 

26 6 c 8 + c 9 c 8 + 6i 5 c 8 = 6 3 6 6 + 26i 5 6 6 + 6@ + c 9 6 6 , 
by 7), 2), 6) in Lemma El and (3), (1) 

c 8 6i5 = 63 + 26 6 + c 9 + 615 + 6 3 (x + y + z + w). (4) 

By the associative law and Hypothesis 15.11 : 

(6363)09 = (6 3 c 9 )6 3 , eg + c 9 c 8 = (6 3 c 9 )6 3 , 

but by 5) in Lemma 15.11 

(63C9, 615) = (eg, 63615) = 1, 

SO 

eg + cgc 8 = 61563 + ai& 3 , 
hence by 5) in Lemma 15. II we obtain that: 

c 9 c 8 = 26i 5 + 6 6 + ai6 3 . (5) 

Hence 

(c 8 c 9 , 615) > 2. (6) 

By 10) in Lemma 15.11 

(6 3 x, 615) = 1, (6 3 y, 615) = 1, (b 3 z, 615) = 1, (b 3 w, b 15 ) = 1. 
So by (3), 

(6 6 cg, 615) > 1. (7) 
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By (6), (c 8 6i5, eg) > 2, so by (4), 

(b 3 (x + y + z + w), c 9 ) + 0, 

hence one of b^x, b 3 y, b 3 z, and b 3 w contains eg, thus W. L. O. G, we may 
assume that 

(b 3 X, Cg) + 0. (8) 

By the associative law and Hypothesis 15.11 and 4) in Lemma 15.11 

(6363)610 = (63610 )t>3, 

ho + c 8 £>io = 61563 + h~b 3 + c 9 b 3 , 
by 10), 1) in Lemma 15.11 

c 8 6i = 2c 8 + 610 + x + y + z + w + b 3 c 9 . (9) 

By (8) and 4) in Lemma [57H (b 3 c 9 , b w ) = (63610, eg) = 1, (63C9, x) / 0. 
So 

6 3 c 9 = 610 + x + a, a G N*B. (10) 

Then (63X, eg) = (63C9, x) ^ 0. By (9) since c 8 , 610, x + y + z + w are reals 
then 63C9 is real. By 10) in Lemma 5.1, (63X, 615) = 1, therefore 

63X = Cg + 615 + 0, (11) 

where j3 G N*B. So | x \> 8. Hence by (10) 

3 < (63C9, 63C9) < 5. 

Thus 

3 < (6363, cgcg) < 5. 
So by Hypothesis 2 < (cgcg, c 8 ) < 4. Thus 

2 < (eg, C 9 C 8 ) < 4. (12) 

If (c 8 6i5, eg) > 4 then by (4), we have that (63 (x + y + z + w), eg) > 3 . 
Since l + (c 8 , 615615) = (l + c 8 , 615615) = (6363, 615615) = (63615, 63615) = 6 

79 



by 10) in Lemma 5.1, we have that (C8&15, 615) = 5. Hence we get without 
lose of generality by (11) that 

hV = Cg + 6 15 + 0!, b 3 Z = Cg + 615 + 02- 

So the degrees of x, y and z are all larger or equal to 8, but = 27, 

hence | x \=\ y \= \z\ = 8 by (11) and (b 3 c 9 , x) = (b 3 c 9 , y) = (b 3 c 9 , z) = 1, 
a contradiction to (10). If (cs&is, c 9 ) = 3. Then by (5) and (12) 

C 8 Cg = 36i5 + 6 6 + 2c 9 + C 3 . (13) 

where c 3 € 5. By (4) , {b 3 (x + y + z + u>), c 9 ) = 2, so by (3) (6 6 c 9 , c 9 ) = 2 
and by 10), 6) in Lemma 15.11 (6 6 cg, be) = 1, (63(2; + y + z + to), 615) =4, 
so by (3), (13) (6 6 c 9 , 615) = 2. Hence 

b 6 c 9 = 6 6 + 2cg + 26i 5 . (14) 

So by (3), 

^3(2 + 2/ + z + ""0 = 4^15 + 2cg + C3. 

Then we get without lose of generality the only possibility we set 

x = bs, y = 69, z = 65, id = C5, 

when 6g, fog, 65, C5 are reals. So 

b 3 b 8 = b 15 +c 9 , (15) 

&3&9 = &15 + Cg + C 3 , (16) 
b 3 b 5 = b 15 , (17) 

& 3 C 5 = &15, (18) 

So (&3Cg, 6§) = 1, and by 4) in Lemma 15.11 (63Cg, 610) = 1. Thus 

b 3 c 9 = b w + b 8 + b 9 . (19) 
So by the associative law and Hypothesis 15.11 

(b 3 )c 9 = (b 3 c 9 )b 3 , 
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Cg6 3 + C 9 b 6 = 61063 + hh + hh, 

so by (15), (16), (14) C963 = 615 + cg + c 3 which contradicts the assumption 
in the lemma , we conclude that (c 8 6is, eg) < 2 and by (8) and (4), 

(c 8 6i5, eg) = 2. (20) 

By (4) 

(b 3 {x + y + z + w), eg) = 1, (21) 

and by (3), (12) we get 3 < (6 6 c 9 , 09) < 5, by (20) (c 8 c 9 , 6 i5 ) = 2. So by 
(3) and that (63(2; + y + z + w), 615) = 4 we get (66C 9 , 615) = 1. And by 
6) in Lemma EH (6 6 c 9 , 6 6 ) = 1. So (6 6 c 9 , eg) = 3. Then by (3), (21), 
(c 8 c 9 , c 9 ) = 2. So (c 8 , cgCg) = 2, and by Hypothesis O (c 9 c 9 , 6363) = 3. 
Thus (&3Cg, &3Cg) = 3. So by 4) in Lemma 15.11 and (10) we get that 

b 3 c 9 = b 10 + x + s, (22) 

s G B. Also 

6 6 c 9 = 3c 9 + 615 + 6 6 + i 6 , (23) 
where f 6 G A*#, t 6 ^ 6 6 , 6 6 . By (9) and (22), 

c 8 6io = 2c 8 + 2b w + 2x + y + z + w + S. (24) 

By the associative law and 5) in Lemma 15.11 

(6§)&15 = (b 3 b 15 )b 3 , 

63615 + b e b 15 = 2b 15 b 3 + 6 6 6 3 + c 9 b 3 , 
by (22) and 1), 10) in Lemma [53] 

65615 = 36io + 2c 8 + x + y + ,z + u) + x + S'. (25) 

By the associative law and Hypothesis 15.11 and 5) in Lemma 15.11 

Since 615(6363) = 63(61563), then 

c 8 6i 5 = 46i 5 + 26 6 + 2c 9 + 63 + 6 3 c 9 . (26) 
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By (22) and 5) in Lemma 15.11 

6 3 c 9 = b 15 + e + 9, (27) 
, where e, 9 e B, | e + 6 \= 12, so by (26) 

c 8 6 15 = 56is + 26 6 + 2c 9 + 6 3 + e + 9. 
By the associative law and Hypothesis 15.11 and 4) in Lemma 15.11 

(&!) & 10 = 63(63610), 
61063 + b W b 6 = ^15^3 + 6 6 6 3 + C963, 

so by (27) and 5), 2), 4) in Lemma ISTTl 

Mio = 6 3 + 36i 5 + e + 9. 

□ 

Lemma 5.7. Let (A, B) satisfies Hypothesis \5.1\ Assume that b\Q = 610 G 
B and (b 3 cg, eg) = 0. Then (6gcg, eg) > 1 is impossible. 

Proof. We assume that our assumption is possible. By Hypothesis 15.11 and 
10) in Lemma 15.11 and the associative law: 

(6363)615 = 63(63615), 

bw + c 8 6i5 = 63610 + 63 c 8 + b 3 x + b 3 y + 63 z + b 3 w, 
by 3), 4) in Lemma 15.11 8) in Lemma 15.61 

6i5+56i5+26 6 +2cg+6 3 +£+6> = 6i5+6 6 +cg+63+6 6 +6i5+63X+63y+6 3 z+63i(;, 

46i 5 + eg + e + 9 = b 3 x + b 3 y + b 3 z + b 3 w. (1) 
by 10) in Lemma 15.11 and 1) in Lemma 15.61 

(6 3 x, 615) = (61563, x) = 1, (b 3 y, 615) = (63615, y) = 1, 

(63Z, 615) = (61563, Z) = 1, (63UJ, 615) = (63615, w) = 1, 
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(b 3 x, eg) = (63C9, x) = 1, so x = x. If otherwise two of x, y, z, w 
degrees > 8, impossible. Then 

b 3 x = cg + h 5 , 

then x = x%. So | y + z + w |= 19, and also we get 5 <| y \, \z\, \w 
and also without lose of generality | y |= 5, hence y = 2/5, so 

hVE = h5- 

So 

I z + w |= 14. 
By 1) in Lemma 15.61 and that 1 = we get that 

&3C9 = 610 + x 8 + s 9 . 

So by the associative law and Hypothesis 15.11 and (5): 

Oi)cg = b 3 (b 3 c 9 ), 

C963 + hcg = 63610 + 63^8 + S963, 
then by (2) and (6) , 3) in Lemma 15.61 4) in Lemma 15.11 

615 + e + 9 + 3c 9 + 615 + b e + t 6 = 615 + b 6 + c 9 + 615 + c 9 + S963, 

S963 = e + # + c 9 + t 6 . 
If I z |= 5, then by (4) | w |= 9, hence z = ~z$, w = Wg. So 

63^5 = 615, 
b 3 w 9 = bi 5 + £ + 9. 

So by (6) 

(b 3 £, Sg) = (e, 63S9) = 1, (b 3 6, Sg) = (9, b 3 Sg) = 1, 

(6 3 e, wg) = (e, 63W9) = 1, (b 3 9, w 9 ) = (9, b 3 w 9 ) = 1. 

hence 

b 3 £ = Sg + u> 9 , 
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b 3 6 = Sg + Wg, (9) 

hence e = e^, 9 = 6q , by 4) in the Lemma l5.6l sg = sg. So by the associative 
law and Hypothesis I5.lt 

£6^3 + £6^6 = Sgb 3 + Wgb 3 , 

so by (6), (7) 

^6^3 + £6^6 = e 6 +9 e + Cg + t & + b 15 + £ 6 + e , 
£6&3 + £6&6 = 2e 6 + 26» 6 + Cg + t 6 + &i5, 

by 6) in Lemma 15.61 (e^b-i, eg) = (e^, b 3 cg) = 1 and (eqEs, 5) = 1, where 
5 = £ 6 or 6> 6 , so e 6 6 3 = (5 + c 9 + m 3 , so t 6 = m 3 + k 3 , and (b 3 m 3 , e 6 ) = 
(6366, m.3) = 1. Therefor 

(b 3 m 3 , b 3 m 3 ) = (b 3 b 3 , m 3 m 3 ) > 1. 

In the (6) we get 

(b 3 m 3 , sg) = (m 3 , b 3 sg) = 1, 

then 

(b 3 m 3 , b 3 m 3 ) = (b 3 b 3 , m 3 m 3 ) = 1, 

a contradiction. 

If I z \= 6 then by (4) | W \= 8, hence z = z, w = w. So 

b 3 z 6 = 615 + e 3 , b 3 w 8 = 615 + Og. 

So (e 3 6 3 , z Q ) = (£ 3 , 6 3 z 6 ) = 1, hence (£363, £363) > 1. By (6) , (sgb 3 , £3) = 
(sg, 1) 3 zq) = 1, hence ^£3 = sg, so (£363, £363) = 1 a contradiction. If 
I z |= 7 then by (4) | HJ |= 7, so 

z = z, w = w or ~z = w, 

hz7 = bw + e 6 , (10) 
b 3 w 7 = b 15 + 6 - (11) 
So (6 3 £ 6 , z 7 ) = (e 6 , &3Z7) = 1. By (6) (b 3 e 6 , sg) = (e 6 , 6 3 s 9 ) = 1, hence 

b 3 £e = z 7 + s 9 + m 2 . 
a contradiction. □ 
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Consequently 11) in Lemma IBTTI subcase (bQCg,cg) > 1 is impossible and 
we have only the case (6309,09) = 1. We can state now Theorem 15.11 

Theorem 5.1. Let (A, B) be a NITA generated by an non-real element 
63 € B satisfies 6363 = 1 + c 8 and 6| = 63 + 65; where b$ £ B is non-real 
and satisfying Hypothesis \5.1[ Then 6366 = c 8 + 610 and if 610 = 610 then 
(A, B) ^ (CH(3A 6 ), Irr(3A e )). (A, B) is table algebra of dimension 17: 
B = {1, 63, 6~ 3 , c 3 , c 3 , be, 6 6 , c 9 , c 9 , 615, 615, 65, c 5 , 6 8 , c 8 , 69, 610} and 
B has an increasing series of table subsets {61} C {61, 65, C5, 6s, eg, 69, 
610} ^ defined by 

1) hh = 1 + c 8 ; 

2; 6| = 6^ + 6 6 ; 

5; 63C3 = 6 9 ; 

^ 63 c 3 = c 9 ; 

5j 63 6 6 = c 8 + 610; 

6) 6 3 6 6 = 6" 3 + 615; 

7) 63C9 = 69 + 610 + 6 8 ; 

8) 63C9 = 615 + c 9 + c 3 ; 
5; 6 3 6 15 = 26 15 + 6 6 + c 9 ; 

^ 63615 = 610 + c 8 + 69 + 6 8 + 65 + c 5 ; 

lij 6365 = 615; 

12) 63 c 5 = 615; 

IS) 6 3 6 8 = 615 + c 9 ; 

U) 6 3 c 8 = 63 + 6 6 + 615; 

15) 6369 = 615 + c 9 + c 3 ; 

i6j 63610 = 615 + 6 6 + c 9 ; 

«; C | = C3 + 6 6 ; 

ifj C 3 6 6 = C~3 + 615; 

c 3 6 6 = b 10 + b 8 ; 
21) C3C9 = 63 + 615 + c 9 ; 
£gj C3C9 = c 8 + 69 + 610; 

23) C3615 = 65 + c 5 + c 8 + 6 8 + 69 + 610; 

24) C3615 = 26i 5 + 6 6 + c 9 ; 
^ C365 = 615; 
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26) c 3 c 5 = 6i 5 ; 

27) c 3 6 8 = c 3 + 6 6 + 615; 

28) C 3 C 8 = Cg + 615; 

29) c 3 6 9 = b 15 + 6~ 3 + c 9 ; 
50; c 3 b 10 = 615 + 6 6 + c 9 ; 

31) 6 6 6 6 = 1 + c 8 + 69 + 6 8 + c 5 + 65; 

5^; 6 6 c 9 = 26 15 + 2c 9 + b&; 

33) 6 6 c 9 = 610 + c 8 + 26 9 + 6 8 + 65 + c 5 ; 

b 6 b 15 = 2c 8 + 36io + 26 9 + 26 8 + 65 + c 5 ; 
55; 6 6 6i 5 = 46i 5 + b 6 + 63 + c 3 + 2c 9 ; 
36,) 6 6 6 5 = &15 + ^6 + eg; 
37) 6 6 c 5 = 615 + 6 6 + c 9 ; 
55; 6 6 6 8 = 2615 + &6 + c 3 + c 9 ; 
39) 6 6 c 8 = 63 + 25i5 + 6 6 + c 9 ; 

6 6 6 9 = 6 6 + 2c 9 + 26i 5 ; 

6 6 6i = 36i5 + 63 + c 3 + c 9 ; 

b\ = 26 6 + c 9 + 615; 
43) c 9 c 9 = 1 + 2c 8 + 26 9 + 26 10 + c 5 + 65 + 26 8 ; 

C9615 = 26 5 + 2c 5 + 3c 8 + 36 8 + 36 9 + 46i ; 

45) c 9 6i 5 = 6615 + 26 6 + 6 3 + c 3 + 3cg; 

46) cg6 5 = 2615 + 6 6 + eg; 
^7j c 9 c 5 = 2615 + 6 6 + c 9 ; 

48) Cg6 8 = 36i5 + 63 + 6 6 + 2c 9 ; 

49) c 9 c 8 = 3615 + c 3 + 6 6 + 2c 9 ; 

50) c 9 b 9 = 63 + 2c 9 + 3&i 5 + c 3 + 26 6 ; 

51) Cgftio = 63 + 2cg + 46i5 + C3 + 66,' 

52) 4 = 36i 5 + 63 + c 3 + 26 6 + 2c 9 ; 

53) 615615 = 1 + 36 5 + 3c 5 + 5c 8 + 56 8 + 66 9 + 66i ; 

54) 6f 5 = 96i 5 + 46 6 + 26 3 + 2c 3 + 6c 9 ; 

55) 61565 = 3&15 + 6 6 + 63 + c 3 + 2c 9 ; 

56) 615C5 = 3615 + 6 6 + 63 + c 3 + 2c 9 ; 
57j 6i 5 6 8 = 5&15 + 63 + c 3 + 26 6 + 3c 9 ; 
58) 6i 5 c 8 = 5615 + 63 + c 3 + 26 6 + 3c 9 ; 
5#j 6i 5 6g = 6615 + 3cg + 63 + 26 6 + C3; 
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60) b 15 b w = 6615 + 36 6 + +63 + c 3 + 4c 9 ; 

61) b\ = 1 + 610 + 69 + h; 

62) 65C5 = b 8 + c 8 + 69; 

£57 6 5 6 8 = c 5 + c 8 + 6 8 + 69 + b 10 ; 
64) hc 8 = c 5 + b 8 + 69 + 6 10 + c 8 ; 
S5j b 5 b 9 = c 8 + c 5 + 6 8 + 65 + 69 + 610; 
££j 6 5 6io = c 8 + 6 8 + 69 + 65 + 26i ; 
67) c 2 5 = 1 + 69 + 610 + c 5 ; 
^ c 5 6 8 = 65 + c 8 + 6 8 + 69 + 610; 

69) c 5 c 8 = 65 + c 8 + 6 8 + 69 + 610; 

70) C569 = 6 8 + c 8 + 65 + c 5 + 69 + 610; 
7ij C5610 = 6 8 + c 8 + 69 + c 5 + 26i ; 

72) bj = 1 + 65 + c 5 + c 8 + 26 8 + 69 + 26io; 
73; 6 8 c 8 = 65 + c 5 + c 8 + 6 8 + 26 9 + 26i ; 

74) 6 8 6 9 = 6 5 + c 5 + 2c 8 + 6 8 + 26 9 + 26i ; 

75) 6 8 6i = 65 + c 5 + 2c 8 + 26 8 + 26 9 + 26i ; 

76) c 2 8 = 1 + 2c 8 + 26io + 69 + 6 8 + 65 + c 5 ; 
77; c 8 6 9 = 65 + c 5 + c 8 + 26 8 + 26 9 + 26io; 
7«; c 8 6 10 = 2c 8 + 26i + 26 9 + 26 8 + 65 + c 5 ; 

79) 6 9 6 10 = 65 + c 5 + 2c 8 + 26 8 + 26 9 + 36 10 ; 

80) bl = 1 + 65 + c 5 + 2c 8 + 26 8 + 26 9 + 2&io; 

81) bj = 1 + 2c 8 + 26 10 + 3& 9 + 26 8 + 2b 5 + 2c 5 . 

Proof. The Theorem follows by Lemmas 15 . H — T5TTI □ 

In this section, we don't have information about NITA satisfying and 
610 is non-real. But we conjecture: 



Conjecture 5.1 There exists no NITA satisfying Hypothesis 5.1 and 

^3^6 = c 8 + 610, where 610 is non-real. 

6 NITA Generated by 63 Satisfying 63 = c 3 + b 6 , c 3 ^ 

63, 63, & 6 non-real, (6 3 6 8 , 6 3 6 8 ) = 4 and cj = r 3 + s 6 

Now we discuss NITA satisfying the following hypothesis. 
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Hypothesis 6.1. Let (A, B) be a NITA generated by an non-real element 
63 € B satisfies 63 = c 3 + b§, C3 7^ 63, 63, &6 non-real, (6363, 6363) = 4 and 
c 3 = r 3 + s 6- Here we still assume that L{B) = 1 and L2(B) = 0. 

In this section, we cannot classify NITAs satisfying Hypothesis 16.11 
but we have following theorem. 

Theorem 6.1. There exists no NIT A satisfying Hypothesis \ 6.1\ and C3 
generates a sub-NITA isomorphic to one of four known NITAs in Main 
Theorem. 

Proof. By assumptions we have that (1) 6363 = 1 + 6 8 = c 3 c 3 , (2) 
bj = c 3 + 6 6 , (3) (6 3 6 8 , b 3 b 8 ) = 4 and (4) c\ = r 3 + s 6 . 

Step 1 There is no NITA satisfying hypothesis (1) to (4) and containing 
NITA strictly isomorphic to (Ch(PSL(2, 7)), Irr(PSL(2, 7)). 

By 03], {Ch(PSL(2, 7)),Irr(PSL(2, 7)) the sub-NITA generated by 
C3 is of dimension 6 and has base elements: 1, C3, c 3 , sq, 67, 6 8 . Moreover, 
we have following equations: 

(al) c 3 6 8 = c 3 + s 6 + b 7 + 6 8 , 

(a2) si = l + 2s 6 + 6 7 + 6 8 , 

(a3) c 3 s 6 = c 3 + 67 + b 8 . 

It follows by (1) that (63C3, 63C3) = (6363, C3C3) = 2, hence we get 
equation (a4): 63C3 = 63 +^6) where t$ € B. By associative law and equations 
(al) and (a4), we have 

(hh)c3 = C 3 + C 3 & 8 = C 3 + C 3 + Sq + 67 + 6 8 , 

(^£3)63 = &| + Me = c 3 + 6 6 + 6 3 i 6 . 

Then we get 66 = S6, so b§ is real. Moreover we have equation (a5): 
^3*6 = c 3 + sq + b 7 + 6 8 . By (6363)63 = 6p 3 , we arrive at 6 3 6 8 = i 6 + ^3^6 • 
Now by (3) we obtain equation (a6): 63S6 = 63 + x + y, where distinct 
63, x and y such that x + y is of degree 15. Hence we have equation (a7): 
6363 = b 3 + i§ + x + y . Therefore by (a2), (a3), (a5) and (a6) 

bls & = (c 3 + s 6 )s 6 = c 3 s 6 + s 6 s 6 = c 3 + 67 + 6 8 + 1 + 2s 6 + 67 + 6 8 , 

b3(b 3 s 6 ) = 63(63 + x + y) = 1 + 6 8 + b 3 x + b 3 y. 
So b 3 x + b 3 y = c 3 + 2sq + 267 + 6 8 , but by (a7) , the left side of this equation 
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contains two b 8 , right side only one, , a contradiction. 

Step 2. There is no NITA satisfying hypothesis (1) to (4) and con- 
taining a sub-NITA generated by c 3 is a NITA of dimension 17, 32 or 22. 

By [13], we see that for the NITAs of dimensions 17, 32 and 22 one 
can find new base elements: 65, C5, sq, x 8 , bg and 610 such that following 
equations hold: 

(al) c 3 b 8 = c 3 + s 6 + 615, 

(a2) s 6 s 6 = 1 + 65 + c 5 + 6 8 + x 8 + 69, 

(a3) c 3 s 6 = b 8 + 6i . 

Suppose 63C3 = 63 + 16> where t§ G £?. Then by hypothesis and equation 
(al) it follows that (b 3 b 3 )c 3 = c 3 + c 3 b 8 = c 3 + c 3 + s 6 + 615, (b 3 c 3 )b 3 = b 3 + 
&3*6 = c 3 + bQ + b 3 tQ. we get «6 = be and equation (a4): 63^ = C3 + 615. Hence 
^3 + b 3 b 8 = (b 3 b 3 )b 3 = b\b 3 = 63C3 + b 3 s 6 , we get equation: b 3 b 8 = 1 5 + b 3 s 6 . 
Now by (3) we obtain equation (a6): b 3 se = b 3 + x + y, where distinct 
63, x and y such that x + y is of degree 15. Hence we have equation (a7): 
b 3 b 8 = b 3 + i§ + x + y. Therefore 

b 3 s 6 = (c 3 + s 6 )sq = c 3 s 6 + s 6 s 6 = b 8 + b w + l + b 5 + c 5 + b 8 + x 8 + b 9l 

b 3 (b 3 s 6 ) = b 3 (b 3 + x + y) = 1 + b 8 + b 3 x + 63^- 
So 63X + 632/ = 1 + 65 + C5 + b 8 + x 8 + 69, which implies x 8 = 6 8 by (a7), a 
contradiction. This concludes the theorem. 

7 Structure of NITA generated by 63 and satisfy- 
ing 63 = c 3 + b 6 , c 3 ^ 63, 63, (6 3 &8, 6 3 6 8 ) = 3 and c 3 
non-real 

In this section we classify NITA generated by 63 and satisfying 6| = c 3 + be , 
C3 / 63, 63 and C3 non-real and (b 3 b 8 , b 3 b 8 ) = 3. At first, we state Hypothesis 

o 

Hypothesis 7.1. Xe£ (A,B) be a NITA generated by a non-real element 
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b 3 G B such that b 3 b 3 = 1 + bg and 63 = C3 + be, C3, be G i?, C3 / 63, C3 / C3 
and (b 3 b 8 ,b 3 b 8 ) = 3. 



Lemma 7.1. Lei (.A, .B) &e a NITA satisfies Hypothesis 7.1, Then C3C3 = 
6363 = I + b 8 and b 3 b 8 = b 3 + x 6 + y 15 and c 3 b 8 = c 3 + y e + zi 5 , where 
b 8 , xq, Ui5 G B, and there exist r 3 , sq, u 3 , vq,w 3 , zq G B such that 

bl = r 3 + s e , b 3 r 3 = b 3 + x 6 , b 3 s 6 = b 3 + y 15 , 
b 3 c 3 = u 3 + ve, b 3 u 3 = c 3 + y 6 , b 3 v& = c 3 + Z15, 
b 3 c 3 = w 3 + z e , b 3 w 3 = c 3 + y 6 , b 3 z 6 = c 3 + z 15 . 

Proof. It is obvious that (6|, 63) = 2. So b\ = r 3 + «6 or r 4 + s 5- Hence 

6p 3 = 6 3 r 3 + 6 3 s 6 or 6 3 r 4 + 6 3 s 6 , 

(63^3)63 = 63 + Ms 

= 26 3 + x 6 + yi 5 . 

Since 63 G Siippj&srs} and Supp-f^se} or 63 G Swppj&s^} and 5upp{&3,S5}, 
the first part of the lemma follows. 

Since 6363 = C3C3 = 1 + b 8 , it follow that 63C3 = u 3 + vq or U4 + and 
63 C3 = w 3 + zq or W4 + Z5. The second part and the third part of the lemma 
follows from (6363)03 = (b 3 c 3 )b 3 = (&3C3)&3- 



Lemma 7.2. Let (A,B) satisfies Hypothesis 7.1. Then there are non-real 



base elements xq, 2/15, X15 and real basis elements r 3 , sg, dg, x%q, t%5 such 
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that the following equations hold: 



b 3 b 3 = l + bs, 

b 3 c 3 = 6 3 + x 6 , 

hh = h + x 6 + X15, 

b 3 h = b 3 + X15, 

^3C3 = r 3 + s 6 , 

^3^6 = c 3 + j/15, 

&32/15 = ^6 + 2xi5 + h, 

b 3 b 6 = rz + t 15 , 

M15 = b 6 + c 9 + 2yi 5 , 

C3C3 = 1 + bg, 

C3S6 = b 3 + X15, 
C3&8 = C 3 + k6 + yi5, 
C 3 X 6 = ^3 + *15j 
C 3 2/15 = b e + Cg + 2|/i 5 , 
C 3 *15 = X 6 + 69 + 2xi5, 
C3X15 = 2X15 + X 6 + 6g, 

r 3 C 3 = C 3 + XQ, 

r 3 x 6 = c 3 + 2/i5, 

»"3&6 = 5^15 + &3) 

^3^15 = h + Cg + 2yi 5 , 

^3^10 = S6 + tl5 + ^9, 

x| = 26 6 + J/i5 +Cg, 

6§ = 26 6 + 2/15 + Cg, 
6 6 x 6 = 2s 6 + i i5 + dg, 

S 6 & 6 = 2x 6 + X15 + 69, 
S6C3 = 63 + %15 

bsVi5 = c 3 + 26 6 + 2c 9 + 4yi 5 + b 



b\ = c 3 + b 6 , 
b 3 x e = c 3 + 2/15, 
6 3 x 6 = b 8 + xio, 
63C6 = c 3 + j/15, 
b 3 r 3 = c 3 + b 6 , 
b 3 x± = Xq + X15 + 69, 
b 3 yi5 = S6 + 2ti5 + ^9, 

b 3 Xi 5 = b 6 + 2j/i5 + Cg, 



c 3 r 3 = 6 3 + x 6 , 
c| = c 3 + 6 6 , 
c 3 x 6 = b 3 + X15, 

C 3 Xi = b 6 + J/15 + Cg, 

c 3 h = c 3 + j/15) 

QX15 = 2ti 5 + SQ + dg, 

c 3 b e = b 8 + xio, 

?"3&3 = C 3 + b 6 , 

r 3 yi5 = x~6 + 2xi5 + bg, 

r 3 b$ = s 6 + r 3 + txs, 



xeb s = b 3 + x 6 + 2x15 + &9, 

6 6 X 6 = 2x 6 + bg + X15, 
^6&8 = C 3 + 6 6 + Cg + 2j/i5, 

S6&8 = r 3 + s 6 + 2ti5 + cig, 



Proof. By Hypothesis 17.11 (b 3 b$, b 3 bs) = 3. Then the following equa- 
tions hold by Lemma 14.11 
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6 3 6 3 = l + 6 8 , c 3 c 3 = l + 6 8 , 
b 3 = c 3 + b 6 , b 3 c 3 = b 3 + x 6 . 



Let 63 x 6 = c 3 + J/15, then 



fe&3)c3 = 03 + 0363, 
(b 3 c 3 )b 3 = &§ + b 3 x 6 



Hence 



c 3 + b e + c 3 + yi 5 . 



c 3 b 8 = c 3 + 6 6 + yi5- 



Therefore 1/15 G -B by Lemma 14.11 

Let C3X6 = 63 + X15, X15 G N*B. Since (0303)63 = (6303)03, it follows 
that X15 G -B and 

636s = 63 + XQ + X15 

by 6|6 3 = (6363)63. Because y l5 G £>, so (6 3 x 6 , 6 3 x 6 ) = (6 3 x 6 , 6 3 x 6 ) = 2. 
Thus 

63^6 = 6 8 + xio, xio G 5. 
Since 63C3 = (6303)63 and 6363 = (6363)63, one has that 

C366 = 6 8 + xio, 6 3 6 6 = 63 + xi 5 . 

By Lemma 17.11 there exist w 3 , zq, r 3 , sq G B such that 

cl = w 3 + z 6 , w 3 c 3 = c 3 + b 6 , z 6 c 3 = c 3 + yi 5l 
b 3 c 3 = r 3 + s 6 , b 3 r 3 = w 3 + z 6 , b 3 s 6 =w 3 + zi 5 . 

By Lemma 17.11 again, it follow that 

r 3 c 3 = 63 + x 6 , c 3 s 6 = 63 + X15, 
^•363 = 03 + 66, 6 3 s 6 = c 3 + yi5. 

Thus (c3T3, 03^) = 2, which implies that r3f3 = 1 + 6 8 . 
Since 

(b 3 r 3 )c 3 = w 3 c 3 + z 6 c 3 

= 2c 3 + 6 6 + 2/15, 
(b 3 c 3 )r 3 = r 3 b 3 + r 3 x 6 

= c 3 + 6 6 + r 3 x 6 , 
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which implies that r^XQ = 03 + j/15. 
We assert that xro is real. In fact 

63(^3) = 63&3+X663 

= 1 + 6 8 + 6 8 + xio, 

(63^)03 = C3C3 + &6C3 

= l + & 8 + &8 + Xl , 

so it follows that xro is real. 
Since 

h(w3C 3 ) = c 3 b 3 + b 6 b 3 

= 63 + X 6 + 6 3 + Xi 5 , 
(b 3 C 3 )w 3 = r 3 W3 + SqW 3 , 

we have that 

f 3 w 3 = 63 + x 6 , w 3 s Q = b 3 + xi 5 . 

Consequently 63^3 = r 3 + sq. 

Now we have that (6363)103 = (63^3)63 and 



W3&8 = W 3 + Zq + 015. 



Then w 3 w 3 = 1 + 6§. 
Since 



(6 3 6 3 ) 2 = l + 2& 8 + &! 

b 2 A = (c 3 + b 6 )(c 3 _+b 6 ) 

= 1 + 6 8 + c 3 6 6 + c 3 6 6 _+ 6 6 6 6 

= 1 + 36 8 + 2xi + 6 6 6 6 , 



so 



6g = 2xio + 6 8 + 6 6 6 6 . 

By 6p 6 = (6365)63, we have that xi +6 6 6 6 = I+63X15. Then (63X10, X15) = 
1. But (63X10, xq) = 1. There exits 69 G -B such that 

63X10 = x 6 + X15 + 69, 69 € iV*5. 

It is easy to see that 63X10 cannot have constituents of degree 3 and 4 
by Lx{B) = {1} and L 2 (B) = 0. Thus 69 € B. 
Since 

(63^6)63 = 6 3 & 8 + 63X10 

= 63 + x 6 + X15 + x 6 + X15 + 69, 
(6363)^6 = X 6 + X 6 &8, 
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we have 

x%h = 63 + x 6 + 2xi5 + 69. 

Multiplying both sides of the equation xio + &6^6 = 1 + 63X15 by 63, we 
have that 

632:10 + (6365)66 = 63 + 63X15. 

so 

X6 + X15 + 69 + hh + &6X15 = C3X15 + 6 6 Xi 5 . 

Hence 

C3X15 = 2X15 + x 6 + 69. 

Now checking associative law of (6303)66 = (0366)63, (r3f3)x6 = (^3X6^3 
and (r36s)x6 = ^3X5)63, we come to 

6 6 x 6 = 2x 6 + &9 + Xi5, 
r3Vi5 = x 6 + 2xi5 + 6 9 , 
632/15 = a; 6 + 2xi5 + 6 9 . 

Hence 

C3^15 + 6 6 yi5 = 63^15 = 63(637/15) = 6 3 x 6 + 263X15 + 6369. 

Since (6 3 x 6 , 6 8 ) = (6 3 x 6 , xio) = (63X15, & 8 ) = (63X15, xio) = (6369, xio) = 
1 and (6369, &§) = 0, we have that 

(C3^i5 + 6 6 yi5, 6 8 ) = 3 and (c 3 yi 5 + 6 6 yi 5 , x w ) = 4. 

Observe the degrees, we know that (033/15, xio) < 1. If (C37/15, xio) = 0, 
then (&6yi5, xio) = 4, so &6X10 = ^Di5- But (&6X10, C3) = 1, a contradiction. 
Hence (c 3 yi 5 , xi ) = 1 and (6 6 xi , 2/15) = (hyi5, x 10 ) = 3. 

Since (c 3 xi , c 3 xi ) = (63X10, 6 3 xi ) = 3 and (c 3 xi ,6 6 ) = 1, there 
exists eg <G B such that 

032:10 = 6 6 + 2/15 + c 9 . 
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Then 

(b 3 c 3 )x 6 = b 3 x 6 + x\ 

= c 3 + y 15 + x%, 

(b 3 X 6 )c 3 = c 3 b 8 + C 3 X W 

= C 3 + 6 6 + J/15 + b 6 + J/15 + eg, 

(C3C 3 )&6 = b 6 + b 6 b 8 , 

(c 3 b e )c 3 = b 8 c 3 + xi c 3 

= C 3 + 6 6 + J/15 + J/15 + &6 + Cg, 

(C3^6)C3 = C 3 + 6 6 + C 3 Zi 5 , 

which implies that 

x\ = 26 6 + j/i5 + c 9 , 
&6&8 = C3 + 6 6 + Cg + 2j/i5, 
C3^15 = &6 + Cg + 2j/i 5 . 

Since 

(b 3 c 3 ? = (b 3 + x 6 ) 2 

= 63 + 263X6 + Xq 

= 2c 3 + 36 6 + 3j7i5 + eg, 

63C3 = C3tt) 3 _+ C 3 Z 6 + W3&6 + hZQ 

= c 3 + 6 6 + c 3 + j/15 + b 6 w 3 + 6 6 z 6 , 
but (w)3&6j C3) = 1, we have that 

w 3 b e = C3 + J/15, 

6 6 Z6 = 26 6 + j7i 5 + Cg. 

Since 

(b 3 r 3 )b 6 = c 3 6 6 + 6^ 

= ^3 + ^15 + &6' 

(b 3 b6)f 3 = b 3 r 3 + xi 5 f 3 

= w 3 + ZQ + f 3 X 15 , 

and (6g, Z6) = 2, we have that (73x15, z%) = 1. Hence (r 3 ZQ, X15) = 1. But 
(r 3 ze, 63) = 1 by fe 3 r 3 = w 3 + z 6 - Thus 

^3^6 = b 3 + X15. 
From the following equations 

b 3 (w 3 b 6 ) = b 3 {c 3 + y 15 ) 

= b 3 + Xq +_X 6 + 2xi5 + bg, 

(b 3 w 3 )b e = r 3 6 6 + s 6 6 6 , 
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and (r 3 b 6 ,r 3 b 6 ) = (b 3 b 6 , b 3 b 6 ) = 2, (r 3 6 6 , 63) = 1, we come to that 



r 3 b 6 = h + %i5, s 6 be = 2x 6 + x i5 + b 9 . 

By (b 3 C3)f 3 = (c 3 f 3 )b 3 and c 3 (w 3 b 8 ) = (c 3 b 8 )w 3 , we have that 

r 3 s 6 = b 8 + xi , w 3 y 15 = b 6 + c 9 + 2y 15 . 

Since (f 3 b 8 , r 3 b 8 ) = (r 3 f 3 , bf) = (b 3 b 3 , bj) = (b 3 b 8 , b 3 b 8 ) = 3 by 
Lemma 17.11 and (f 3 b 8 , sq) = (f 3 b 8 , f 3 ) = 1, there exists £15 € B such that 

T 3 b 8 = S 6 + f 3 + t 15 . 

Since 

(^3^8)^3 = W 3 f 3 + z e f 3 + Z 15 f 3 

= b 3 + x 6 + b 3 + x 15 + f 3 z 15 , 
(r3W 3 )b 8 = b 3 b 8 + x 6 b 8 

= 6 3 + x 6 + xi 5 + b 3 + x 6 + 2x15 + b 9l 
(r 3 b 8 )w 3 = s e w 3 + f 3 u> 3 + ti 5 w 3 

= h + x 15 + b 3 + x 6 + w 3 ti 5 , 

we have that 

r 3 z 15 = £6 + 2x15 + 69, 
^3*15 = ^6 + ^9 + 2x15. 

Since 

(^3^3)^8 = c 3 b 8 + b 8 b 6 

= c 3 _+ b 6 + yi 5 + 2yi 5 + b 6 + c 3 + c 9 , 
(b3h)r3 = r 3 b 3 + r 3 x 6 + r 3 xi 5 

= c 3 _+ 6 6 +_c 3 +J/15 + r 3 xi 5 , 

(r 3 68)^3 = ?~ 3 6 3 + 56^3 + ^15^3 

= c 3 + b e + c 3 + y 15 + b 3 i 15 , 
we have that w 3 = c 3 , zq = 1)q, z\§ = yis and 

r 3 xi5 = 6 6 +c 9 + 2yi5, 
63*15 = 6 6 + c 9 + 2yi 5 . 

Further b 3 r 3 = c 3 + J)q, we have that (6 3 c 3 , f 3 ) = 1. But (6 3 c 3 , r 3 ) = 1. 
Hence r 3 = f 3 . Moreover f 3 + SQ = b 3 w 3 = b 3 c 3 = r 3 + S6> which implies 
that sq = sq. Therefore £15 is real by the expression of r 3 b 8 , and 

C 3 *15 = X 6 + Cg + 2xi 5 . 
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Now we have that t±5 <G Supp{c 3 xe} . Thus 

C3XQ = r 3 + ti 5 . 

Since 

(c 3 r 3 )b 6 = b 3 b 6 + xeh, 
{r 3 b 6 )c 3 = 63C3 + C3X15 

= ^3 + «6 + C3X15, 
(C3^6)?"3 = ?" 3 & 8 + ^3^10 

= r 3 + s 6 + ii 5 + r 3 xi 
and (r 3 xi , s 6 ) = 1, we have s 6 G Supp^x^}. But (c 3 xi 5 , ii 5 ) = 
(c 3 *i5, £15) = 2. Let 

C3X15 = 2*15 + s 6 + dg, <^9 G N*B. 
Then r 3 xio = s 6 + *15 + ^9 an d by (c 3 r 3 )6 6 = (c 3 fe 6 )r 3 we obtain 
hh + x 6 b 6 = r 3 + s 6 + % + s 6 + £15 + dg- 



Further dg is real for r 3 and x±o are real, and 

b 3 b 6 = r 3 + t 15 , 

X 6 &6 = 2s 6 + tl5 + efo- 



Since 



we have that 



Since 



{hh)h = h + b 6 b 8 

= b 6 + c 3 + 6 6 + c 9 + 2yi 5 , 

hifah) = bj + b 3 x 15 

= c 3 + b e + b 3 x 15 , 

(b 3 b 6 )b 3 = r 3 b 3 + ti 5 6 3 

= c 3 + 6 6 + &3*15, 

&3^15 = ^6 + 2yi 5 + c 9 , 

Ml5 = &6+C9 + 2yi 5 . 

&3^6 = C 3 X 6 + &6^6 

= r 3 + ii 5 + 2s 6 + iis + dg, 

(^3^6)^3 = &3C3 + ^32/15 

= ^3 + «6 + &32/15, 
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we have that 



hVl5 = 2*15 + «6 + ^9- 



Because (b 3 y 15 , b 3 yi 5 ) = (&32/15, 632/15) = 6, we have that d 9 G B. 
Checking the associative law of (6363)56 = {b 3 s^)b 3 , we have 



«6&8 = r 3 + S6 + 2ti 5 + d 9 . 



Since 



(6363)2/15 
(632/15)63 



2/15 + 6 8 yi5, 

6 3 s 6 + 26 3 ti5 + b 3 d 9 

C3 + 2/15 + 26 6 + 2c 9 + 4yi5 + b 3 dg 



it follows that 6 8 2/i5 = c 3 + 26 6 + 2c 9 + 4j/i 5 + 6 3 <ig. 
This is the end of the proof of the lemma. 

Remark. It always follows that (03 c 9 , 2/15) = 1 by Lemma 17.21 So 

(c 3 c 9 , C3C9) > 2. At the following, we shall investigate the expression of C3C9. 

Lemma 7.3. There exist no X4, ys £ B such that c 3 c 9 = X4 + ys + 2/15 • 
Proof. If there exist no X4, ys £ B such that 



Then there exist z 3 € B such that C3X4 = eg + z 3 . Further there is j/5 E -B 
such that c 3 z 3 = X4 + 2/5. Thus z 3 z 3 = 1 + 6§. By Lemma 17. II we have that 



It must follow that 23X4 = 2C3 + b§, which implies that (z 3 c 3 , X4) = 2, a 
contradiction. 

Lemma 7.4. There exist no X5, y-j E B such that c 3 cg = X5 + yj + 2/15 ■ 



C 3 Cg = X 4 + y 8 + 2/15- 



£3(^323) 



C3 + C368 

2c 3 + 6 6 + yi 5 
Z3X4 + 2 3 y 5 . 



23(,C3Z 3 
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Proof. If some £5, yj G B such that c 3 cg = X5 + j/7 + 2/15. Then 
(c 3 xs, eg) = 1. There are three possiblities: 

(I) c 3 x 5 = c 9 + 2x 3 , 

(II) C 3 X 5 = eg + x 3 + t/ 3 , 

(III) C 3 X 5 = Cg + 7/6 . 

It is easy to see that (I) will leads to a contradiction. 

If (II) follows, then c 3 x 5 = cg + x 3 + y 3 . Set c 3 x 3 = x 5 + z 4 , c 3 t/ 3 = x 5 +t 4 , 
where 24, t± E B. Hence 

c 3 (c 3 x 3 ) = c 3 x 5 + c 3 z 4 

= Cg + X 3 + y 3 + C 3 Z4, 

(c 3 c 3 )x 3 = x 3 + x 3 b 8 . 

Therefore (x 3 y 3 , &s) = 1> which implies that y 3 x 3 = 1 + b%. So y 3 = x 3 , a 
contradiction. 

If (III) follows, then 

c 3 (c 3 x 5 ) = c 3 c 9 + c 3 y e 

= yis + ^5 + m + c 3 y 6 

(c 3 c 3 )x 5 = x 5 + x 5 6 8 . 

Hence x 5 6 8 = y 15 + y 7 + c 3 y 6 . Therefore (b 8 yi5, x 5 ) = 1. By Lemma [7T2l 
we have that (X5, fe 3 dg) = 1. Since (b 3 d 9 , 7/15) = 1, we may set that 

b 3 d 9 = x 5 + J/15 + e 7 , e 7 G iV*5. 

If e7 = m 3 + 724, then 6 3 n4 = dg + p 3 , some p 3 G -B. Let 6 3 p 3 = 724 + Z5, 
some Z5 G B. Then p 3 j? 3 = 1 + b%. Further 

b 3 (p 3 p 3 ) = b 3 + hbs 

= 26 3 + x 6 + xi 5 , 
{hP3)P3 = n A p 3 + z 5 p 3 . 

Notice that b 3 G Supp{n A p 3 } and b 3 G Supp{z^,p 3 }, we come to a contradic- 
tion. 

If ej G .B, then 6 3 <ig = X5 + 7/15 + ey. Let 6 3 xs = dg + ti 6 . 
We assert that uq G 5. Otherwise, let uq = r 3 + s 3 , where r 3 , s 3 G -B, 
then 

^3^3 = X 5 + 7i 4 . 
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Hence r^r^ = 1 + bs- Moreover 



h(r 3 r 3 ) 



^3 + 

2b 3 + x 6 + X15 
r 3 x 5 + r 3 U4,. 



r 3 (b 3 r 3 ) 



It is impossible for 63 G Supp{r 3 x§} and 63 € Supp{r 3 Ui}. 
Now we have that 



^3(03^5) = hcg + hye, 

(b 3 C 3 )x 5 = 63X5 + X 6 X 5 

= d 9 + UQ + x 6 x 5 . 



If dg, u 6 G Supp{b 3 ye}, then 6 3 y 6 = dg + u 6 + t3- Let 6 3 i 3 = y 6 + p 3 . 
Hence £3^3 = 1 + 63- Moreover 



So t 3 2/ 6 = &3 + xi 5 . But 3 = (6 3 y 6 , b 3 y 6 ) = (t 3 y 6 , i 3 y 6 ) = 2 by Lemma [270 
a contradiction. 

If« 6 G Supp-f^ye}, dg G Supp{b 3 c 9 } or u 6 G Supp-^cg}, d 9 G 5upp{6 3 y 6 }- 
If the former one follows, then there exists a (73 such that 



Hence eg G Supp{b 3 dg}, a contradiction. 

If ii 6 G 5-upp{6 3 cg}, dg G 5upp{6 3 y 6 }, then 

M9 = V15 + 2/6 + ^6, 

where r 6 G N*B. But dg is real, 6 3 dg = X5 + 2/15 + e7, a contradiction. This 
is the end of the proof. 

Lemma 7.5. There exist no me and n§ such that c 3 cg = yis + me + ne- 

Proof. If there exist m% and n@ such that C3Cg = 2/15 + mj + ng. Then 
me ^ be, be, uq ^ be, be by Lemma 17.21 and c 3 ffiQ has three possibilities 



b 3 (t 3 i 3 ) 



2b 3 + xe + xi 5 
hue + i 3 P3- 



b 3 cg = ti 5 + dg + 53. 



(I) c 3 m 6 = c 9 + x 3 + y 3 + z 3 , , x 3 , y 3 , z 3 distinct 

(II) c 3 fh 6 = c 9 + x 3 + y 6 , x 3 and y 6 G B, 

(III) c 3 m G = c 9 + x 4 + 2/5, £4 and y 5 £ B,. 
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Suppose (I) follows. We may assume that c 3 x 3 = rriQ + r 3 , where r 3 G B. 
Then 



x 3 + x 3 b 8 = x 3 (c 3 c 3 ) = {x 3 c 3 )c 3 = m 6 c 3 + r 3 c 3 = c 9 + x 3 + y 3 + z 3 + r 3 c 3 . 

Hence y 3 € Supp{x 3 68}i which implies that x 3 = y 3 , a contradiction. 

If (II) follows, then (c 3 x 3 , c 3 x 3 ) = 2, from which x 3 x 3 = 1 + bs follows. 
Also we may set that c 3 fh 3 = x 3 + 1§, where t§ 6 -B. Hence 

(c 3 c 3 )x 3 = x 3 + x 3 bg, 
c 3 (c 3 x 3 ) = c 3 m 6 + c 3 m 3 

= x 4 + y 5 + c 9 + x 3 + i 6 . 

Therefore x 3 bg = £4 + 2/5 + eg + ^6- We have that (x 3 bs, x 3 bs) = 4. But by 
Lemma [4T2| (x 3 b$, 2/363) = (6 3 6§, 6 3 6§) = 3, a contradiction. 

If (III) follows, set C3X4 = me + p®, where p$ € B. By c 3 {c 3 fh§) = 
(c 3 c 3 )m6, one has that 

rneh = 2/15 + ™6 + "6 + Pa + c 3 2/5- 

Hence (bsyi5, ttiq) = 1. By the expression of 6s 2/15 in Lemma l7.2( 6 3 dg) = 
1. But (7/15, 63CZ9) = 1. There exists q§ € N*B such that 



If (76 B, then g = 2z 3 or q§ = w 3 + u 3 . If the first one holds, then 
(63(^9 , z 3 ) = 2 and (6 3 z 3 , cZg) = 2, which is impossible. So the second one 
follows. Consequently b 3 w 3 = dg. Hence 

w 3 + w 3 b 8 = w 3 (b 3 b 3 ) = b 3 (b 3 w 3 ) = b 3 d 9 = y 15 + m 6 + w 3 + u 3 . 

We can see that w 3 u 3 = 1 + bs- Then w 3 = u 3 , a contradiction. Hence 
Pq G -B. It follows by Lemma 17721 and (fMj) that 



M9 = 2/15 + m 6 + g6- 



(64) 



&82/15 = 52/15 + 2c 9 + 2b 6 + c 3 + m 6 + q 6 . 



Since 



C3(Mg) 



c 3 2/i5 + c 3 m 6 + c 3 q 6 

b 6 + c 9 + 2yi5 + x 4 + y 5 + c 9 + c 3 g 6 

6 3 (fg + X 6 dg 

2/15 + ^-6 + 96 + ^6^9, 



(c 3 b 3 )d 9 
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we have that (c 3 qe, fn&) > 1- Hence (c 3 rriQ, qe) > 1, a contradiction to our 
assumption. The is the end of the proof. 

Lemma 7.6. No NITA such that (c 3 c 9 , c 3 c 9 ) > 4. 

Proof. The proof is given in three steps. 
Step 1. The following equations hold: 

00 c 3 c 9 = y 15 + y 3 + z 3 + w 3 + u 3 , 

(u) C3C9 = 2/15 + y 3 + y 3 + 2/6, 

(m) C3C9 = 2/15 + y 3 + y 4 + 2/5, 

(£u) C3C9 = 27i5 + 2/4 + z 4 + 104. 

For any z G SuppjcsCg} \ {yis}, it is enough to prove that (c 3 cg, z) = 1. 
Otherwise (c 3 cg, 2) > 2. Since c 3 cg — 2/15 is of degree 12, one has that 
(0309, z) = 2 and z is of degree 6. So c 3 cg = 2/15 + 2^, C326 = 2cg. Hence 

z 6 + z 6 b 8 = (c 3 c 3 )z e = c 3 (c 3 2 6 ) = 2c 3 c 9 = 2yi5 + 4z 6 . 

Thus z^bg = 22/15 + 3^6- Consequently (bsyi5, z§) = 2. By the expression of 
&6&8 m Lemma 17.21 zq 7^ be, b§. the expression of &82/15 i n Lemma 17.21 
we have that 

Mg = 2/i5 + 2z 6 , 
^82/15 = 52/15 + 2c 9 + 26 6 + c 3 + 22 6 , 

Therefore 63 zq = 2d 9 . 
Since 

(b 3 b 3 )d 9 = dg + bgdg, 

hifodg) = b 3 yi 5 + 2b 3 z e 

= s 6 + 2ti 5 + 5dg, 

it follows that bgdg = sq + 2*15 + 4dg. Consequently 

^8(^3^6) = 26 8 6 9 

= 2s 6 + 4ti 5 + 8(i9, 

(6 3 6 8 )Z6 = b 3 Z6 + ^6^6 + £15^6 

= 2d 9 + x 6 ZQ + x 15 ZQ. 
Then X6-Z6 + xi$zq = 2sq + 4*15 + 6dg. We have exactly three possibilities: 

(I) x 6 zq = Ad 9 , xi 5 z 6 = 2s 6 + 4*15 + 2dg, 

(II) x 6 2 6 = s 6 + 2*15, xi 5 z 6 = s 6 + 2*15 + 6ti 9 , 

(III) XqZq = 2.SQ + *i 5 + d 9 , X 15 Z 6 = 3*15 + 5c*g. 
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The first case implies that 



b 3 (x 6 z 6 ) = 4:b 3 d 9 

= 4yi 5 + 8z 6 , 

(b 3 x 6 )z 6 = b 8 z 6 + xi z 6 

= 2yi 5 + 3z 6 + xiozq. 

So xioZq = 2yi5 + 5zq. Thus (zqZq, x\o) = 5, a contradiction. 

The second and the third cases mean (zgolg, X15) = 6 and (z^dg, x l5) = 5 
respectively. It is impossible. 

Step 2. No NITA such that (i), (ii) and (hi). 

It is enough to show that y 3 G Supp{c 3 cg}. If y 3 G Supp{c 3 cg}, then 
c 3 y 3 = c 9 . Hence (b 3 y 3 , b 3 y 3 ) = (c 3 y 3 , c 3 y 3 ) = 1 by Lemma [27TJ Let 
^32/3 = 59, 59 G -B. Then 

63C9 = b 3 (c 3 y 3 ) = {b 3 c 3 )y 3 = b 3 y 3 + x 6 y 3 = 59 + £62/3- 

Since (£15, b 3 cg) = 1, we have that b 3 cg = gg + £15 + q 3 , some a 3 G B. 
Therefore (b 3 cg, b 3 cg) = 3. But (b 3 cg, b 3 cg) = (c 3 cg, c 3 cg) by Lemma 12. li 
It is impossible for (c 3 cg, c 3 cg) > 4. 

Step 3. No NITA satisfies (iv). 

If (iv) holds, then there exist m 3 such that c 3 y<± = eg + m 3 . Thus c 3 m 3 = 
2/4 + &5, some k$ G B. So (c 3 m 3 , c 3 m 3 ) = 2, which implies that m 3 fh 3 = 
1 + &s- Hence 

m-32/4 + m 3 /c 5 = c 3 (m 3 m 3 ) = c 3 + c 3 6 8 = (c 3 c 3 )m 3 = 2c 3 + 6 6 + 2/15- 
It is impossible for c 3 G Supplrn/^} and Suppl??^/^}. The lemma follows. 
Lemma 7.7. No NITA such that (c 3 cg, c 3 cg) = 2. 

Proof. If (c 3 c 9 , C3C9) = 2, then c 3 cg = y 15 + 612, 612 G B and c 3 c 9 = 

XlQ + X17, X17 G B. 
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Since c 3 (c 3 c 9 ) = c 3 yi 5 + c 3 &i 2 = b e + c 9 + 2y 15 + c 3 6i 2 , we have that 
bgcg = &6 + 2yi5 + c 3 6i2- On the other hand, since 

Cg + 6 8 Cg = (c 3 C 3 )c 9 = C 3 (c 3 Cg) = C 3 (xi + Xtf) = b 6 + y 15 + Cg + C 3 Xi 7 , 

we have that b$c 9 = b§ + j/15 + c 3 xyj. By the expression of &82/15 i n Lemma 
17.21 (b$c 9 , 2/15) = 2. Hence j/15 G S , upp{c 3 xi7}, which implies that X17 € 
5npp{c 3 ^i5}. By the expressions of c 3 6§ and c 3 xio in Lemma l7.2| (033/15, 6g) = 
(c 3 yi5, xio) = 1. There exists tio G AT*.B such that c 3 yis = xn + b$ + x%o + 
tio, some iio G N*B. The expression of c 3 yis in Lemma 17.21 means that 
(c 3 yi5, c 3 yi 5 ) = 6. Hence (c 3 ?/i5, c 3 yis) = 6. So tio = x 3 + y 3 + z 4 . It leads 
to yi5 G Supp{c 3 y 3 }, a contradiction. The lemma follows. 

Lemma 7.8. c 3 cg = d 3 + eg + I/15. 

Proof. At first by previous lemma in this section, we know that (c 3 cg, c 3 cg) = 
3 and c 3 cg is a sum of irreducible base elements of degree 3, 9 and 15. So we 
may assume that c 3 Cg = d 3 + y 9 + j/15, where d 3 , y 9 G B. Then c 3 d 3 = Cg. 
Checking associative law for c 3 (c 3 d 3 ) = (c 3 c 3 )(i 3 , it follows that 

d 3 b 8 = m + Vl5- 

Since 

h{hx & ) = b 6 bs + b 6 x 10 

= c 3 + b 6 + c 9 + 2yi 5 + 6 6 xi , 

(^6^6)^3 = 26 3 X 6 + 6 3 6g + 6 3 Xi 5 

= 2c 3 + 2yi5 + 6 3 6 9 + 6 6 + 2yi 5 + cg, 

we have that 

b 6 x w = ^9 + c 3 + 2y 15 . 

Since (c|)(i 3 = c 3 d 3 + b 6 <2 3 , c 3 (c 3 J 3 ) = c 3 c 9 and x 10 G Supp{c 3 c 9 } by 
Lemma 17.21 we come to xio G Supp{bQd 3 }. So (b^xiQ, d 3 ) = 1. Further 
(b 3 b 9 ,d 3 ) = 1. Thus 

b 3 d 3 = ^9- 

Therefore 

b 3 b 9 = h(b 3 d 3 ) = (^3^3)^3 = d 3 + d 3 b 8 = d 3 + y 9 + y 15 , 
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which implies that 

&3&9 = d_3 + V9 + 2/15, 
b 6 x w = d 3 + c 3 + y 9 + 3yi 5 . 

Since (^63)^3 = eg + b^d^ and {b 3 d 3 )r 3 = r^bg, we have that eg G 
5npp{r3&g}. But 2/15 G Supp{r3&g} by Lemma 17.21 Thus there exits 
m.3 € -B such that 

r 3 6 9 = m 3 + c 9 + yi 5 . 
Hence 6g G Suppjrscg}. But (r3Cg, £15) = 1 by Lemma 17.21 Therefore 

^3Cg = n 3 + 6 9 + xi 5 , n 3 G 5. 

By r3 real, it follows that 

^3 "-3 = Cg. 

Further 

^(^cg) = r 3 xi 5 + r 3 b 9 + r 3 n 3 

= fr6 + cg + 2y 15 + cg+27i5 + m 3 + cg, 
r|c 9 = Cg + 6 8 Cg, 

so that 

6 8 c 9 = 6 6 + 2c 9 + 3yi 5 + m 3 . 

Hence (6 8 yi5, c 9 ) = 3. 

By the expression of 6s?/i5 m Lemma l7.2| we have (63^, eg) = 1. From 
the expression of 63^15 in Lemma 17. 2| one has that (£15, 63Cg) = 1. Hence 
there exists u 3 E B such that 

hcg = u 3 + d 9 + t 15 . 

Thus 63113 = eg. Moreover 

C3&9 = (M 3 )c 3 = b 3 {c3d 3 ) = 6 3 Cg = U 3 + (fg + *15- 

Thus U3C3 = 6g. 
Since 

C 3 (b 3 U 3 ) = C_3Cg 

= ^3 + 2/9 + 2/15, 

(b 3 C 3 )u 3 = 63U3 + X 6 -U 3 , 
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we have that 

hu 3 = 2/9 and u 3 x 6 = y 15 + d 3 . 

Hence 

C3V9 = c 3 (b 3 u 3 ) = b 3 (u 3 c 3 ) = b 3 bg. 

Since (xio, b 3 bg) = 1 by Lemma I7.2| one has that (x\o, c 3 yg) = 1, so 
(jjg, C3X10) = 1. Therefore yg = eg by the expression of C3X10 (see Lemma 
17.21 The lemma follows. 

Lemma 7.9. NITA generated by c 3 is isomorphic to the algebra of charac- 
ters of 3 ■ Aq: (Ch(3 ■ Aq), Irr{2> ■ A§)). Further we have all equations of 
products of base elements in table subset D listed in Section 2. 

Proof. By Lemma 17.21 and Lemma 17.81 the sub-algebra generated by 
c 3 satisfies the following equations: 

c 3 c 3 = l + b s , c 3 = c 3 + b e , c 3 6 6 = C3 + yi5, 

C3&6 = b 8 + x w , x w real, c 3 x 10 = b 6 + c 9 + y 15 , c 3 y 15 = b 6 + c 9 + 2y 15 . 

Changing c 3 into 63, b§ into b^, j/15 into 615, X10 into 610, we can see above 
equations are the same as those in Hypothesis 5.1 and Lemma l5.11 Hence 
NITA generated by c 3 is exactly the table algebra of characters of 3 • Aq by 
Theorem 15.11 Of course we have equations of products of base elements 
in table subset D listed in Section 2. 

Now let's continue our calculation, we shall come to a new NITA which 
is not derived from groups. 

Theorem 7.1. If c 3 is non-real, (b 3 b 8 , b 3 b 8 ) = 3. Then NITA generated by 
b 3 with 63 = C3 + ^6 is isomorphic to the NITA in (A(3 ■ Aq ■ 2), -B32), the 
NITA of dimension 32 in Section 2. 

Proof. By Lemma 17.91 we may say that we have found a table subset: 
D = {1, 6 8 , xxo, 65, c 5 , c 8 , xg, c 3 , c 3 , d 3 , d 3 , c 9 , c 9 , 6 6 , 6 6 , y 5 , yi 5 }. 
To prove NITA is isomorphic to NITA of dimension 32 in Section 2, it is 
enough to find out all basis elements outside D and remaining expressions of 
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all products of basis elements. Of course at this moment we have found a lot 
of them in Lemma 17.1), 17.21 and 17.81 So what we do is to find out others. 
In order to make the proof easily read, we divide the proof into several steps: 



Step 1. 6369 = y 15 + c 9 + d 3 , b 3 d 3 = 6 9 , b 3 b 9 = x 9 + c 8 + x w , 
b 3 d 9 = c 9 + d 3 + yi 5 , b 3 d 3 = d 9 , 6 3 c 9 = b 9 + x 15 + z 3 , b 3 z 3 = c 9 , 63X15 = 
h + c 5 + b 8 + c 8 + x 9 + X10, b 3 z 3 = x g , b 3 y 3 = c 9 . 

Since by Lemma 17.21 

blx w = C3X10 + 6 6 xi 

= 6 6 + Cg + 7/15 + 31/15 + C 3 + d 3 + Cg, 
(63X10)63 = X e b 3 + X1563 + 6963 

= C 3 + 7/15 + 6 6 + 27/i 5 + Cg + 6369, 

we have that 6369 = j/15 + c 9 + d 3 . Further b 3 d 3 = 6g. So 

= (hd 3 )b 3 = b\d 3 = c 3 d 3 + b 6 d 3 = x 9 + c 8 + x w . 

Set b 3 d 3 = 7/9. Since 63^3 = 69, then 7/9 G .B. And 

hV9 = (hd~3)h = bld 3 = c 3 d 3 + 6 6 J 3 = c 9 + d 3 + y 15 . 

We have that (637/15, 7/9) = 1. But 637/15 = s 6 + 2t i5 + (ig, thus d 9 = y 9 and 
b 3 d 3 = d 9 . 

Since (63X15, eg) = (6369, eg) = 1, there exists z 3 G B such that 

6 3 Cg = 6g + X15 + Z 3 . 

Hence 63 z 3 = eg. 
Since 

6|6 6 = c 3 6 6 + 6 6 6 6 

= 6 8 _+ X10 + 1 + 6 8 + 65 + C 5 + C 8 + Xg, 

(6366)63 = 6363 + 63X15 

= l + 6 8 + 63x15, 

we have that 

63^15 = 65 + c 5 + 6 8 + c 8 + Xg + XiQ. 
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Now we have 

bjcg = C 3 Cg + 6 6 c 9 

= C 8 _+ Xg + X10 + 2x 9 + 6 8 + X 10 + C 8 + 65 + C 5 , 
(&3Cg)^3 = &3&9 + hxi5 + b 3 Z 3 

= C 8 + Xg + X W + 65 + C 5 + 6 8 + C 8 + Xg + Z 10 + 63Z3, 

which imply 63 Z3 = xg. 

Step 2. 6 3 c 9 = ii5 + d 9 + y 3 , y 3 real, d 3 x 6 = ^15 + ^3, c 3 bg = t 15 + dg + y 3 , 
c 3 y 3 = bg,b 3 y 3 = eg and b 8 t 15 = r 3 + y 3 + 5t 15 + 2s 6 + 3dg. 
We have that 

^3Cg = b 3 (d 3 c 3 ) = (b 3 c 3 )d 3 = b 3 d 3 + x 3 d 3 = dg + x 6 d 3 . 

Hence (&3C9, dg) = 1. But by Lemma I7T21 (63^15, eg) = 1. Then there exists 
y 3 £ B such that 

b 3 cg = £15 + ^9 + 2/3, 4^6 = t 15 + y 3 . 

Consequently b 3 y 3 = eg. Because &3C9 = (^303)63 = (63^3)03 = C3&9, we 
have that 

c 3 bg = t% 5 + dg + y 3 . 
Consequently c 3 y 3 = bg. Since 

b\cg = C 3 Cg + b 6 Cg 

= d 3 + cg + y 15 + b 6 + 2cg + 2y 15 , 
(b 3 c 9 )b 3 = b 3 t 15 + b 3 dg + b 3 y 3 

= b 6 + cg + 2y 15 + d 3 + cg + y 15 + b 3 y 3 , 

then 6 3 y 3 = c 9 . 

Because we have that 

(b 3 ti 5 )b 3 = b 3 b 6 + b 3 cg + 2b 3 y 15 

= r 3 + t 15 + dg + y 3 + t 15 + 2s e + 4t 15 + 2d 9 , 

so 6 8 ii5 = r 3 + y 3 + 5iis + 2sq + 3dg, which implies that y 3 is real. 
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Step 3. b 3 d 9 = c 9 + £/i 5 + d 3 , r 3 t 15 = 6 5 + c 5 + 6 8 + c 8 + x 9 + x w ,r 3 d 9 = 
c 8 + x 9 + x w . 
Since 

6 3 2/i5 = c 3 yi 5 + b 6 y 15 

= b 6 + c 9 + 2y 15 + c 3 + d 3 + 6 6 + 2c 9 + 4y 15 , 

(632/15)^3 = 6 3 s 6 + 26 3 ti 5 + M9 

= c 3 + yi 5 + M9 + 26 6 + 2c 9 + 4yi 5 , 

then 6 3 eZg = c 9 + y i5 + d 3 . 

Since r|& 8 = (r 3 6g)r 3 and r|xio = (r 3 xio)r 3 , we have that 

^3*15 = h + C5 + 6 8 + c 8 + x 9 + X10, 
r 3 d 9 = c 8 + x 9 + X 10 . 

Step 4. r 3 d 3 = 6 9 and r 3 6 9 = d 3 + c 9 + £/i5- 

There are three possibilities: r 3 d 3 = t 9 , m 3 + Hq, to 4 + 725. Thus 

r 3 d 3 = d 3 + d 3 b 8 

= d 3 + c 9 + y 15 , 
(r 3 d 3 )r 3 = r 3 t 9 

or m 3 r 3 + n 6 r 3 
or m 4 r 3 + n 5 r 3 , 

If r 3 d 3 = m 3 + ra 6 , then m 3 r 3 = c 9 and r 3 n 6 = d 3 + f/15. But r 3 yi 5 = 
x 6 + 2xi5 + bg. Hence n 6 = x 6 , so that (r 3 x 6 , <i 3 ) = 1, a contradiction. 

If r 3 d 3 = m 4 + n 5 , then m 4 r 3 = d 3 + c 9 and r 3 n 5 = y i5 . But (r 3 i7 15 , n 5 ) = 
0, a contradiction. Hence r 3 d 3 = t 9 and r 3 t 9 = d 3 + c 9 + j/15, which implies 
that (r 3 j7i 5 , £9) = 1- Then t 9 = b 9 . 

Step 5. x 6 yi 5 = r 3 +4ti 5 + s 6 + 2dg+y 3 , 6 8 xi 5 = & 3 +z 3 +2x 6 + 5xi 5 + 36 9 , 
b 8 b 9 = z 3 + x 6 + 26 9 + 3xi5, M 9 = 2/3 + S6 + 2d 9 + 3t 15 , y 3 6 8 = d 9 + h 5 and 
^6^9 = S6 + 2d 9 + 2ii 5 and 6 6 £i5 = ^3 + «6 + 2/3 + 2d 9 + 4rj 15 . 

The above equations follow from 6 3 Xg = (6 3 X6)x6, (6 3 6 3 )xi5 = (63X15)65, 
(6363)69 = 6 3 6 9 )6 3 , (b 3 b 3 )d 9 = {b 3 d 9 )b 3 , (b 3 b 3 )y 3 = (b 3 y 3 )b 3 , b\b 9 = {b 3 b 9 )b 3 
and 63X15 = (6 3 xi 5 )6 3 . 

Step 6. c 3 d 9 = 6 9 + z 3 + X15, 6 6 d 9 = ^6 + 36 9 + 2xi 5 , z 3 c 3 = d 9 . 
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Since 

(b 3 dg)b 3 = M3 + 63C9 + 6 3 yi 5 

= 26 9 + 3xi5 + z 3 + x 6 , 

and (C3X15, dg) = 1, which the Step 6 follows from. 

Step 7. b 8 x 15 = 63 + z 3 + 2x 6 + 5x i5 + 36 9 , 63X9 = z 3 + 69 + X15, 
6 3 c 8 = X15 + 69, 6365 = X15 and 6 3 c 5 = X15. 

By Lemma 7.2 and Step 1, we have 

(63X15)63 = 6 6 6 3 + 2y 15 b 3 + c 9 6 3 = 63 + x i5 + x 6 + 2x i5 + 69 + 69 + x i5 + z 3 

{hh)xi<o = ^15 + M15, 

hence 

6 8 x 15 = 63 + z 3 + 2x 6 + 5xi5 + 36 9 

Consequently we have the following equations: 

6363 = h + 26 3 6 8 + 263X10 + 6365 + 63C5 + 6 3 c 8 + &3X9 

= 36 3 + 2x 6 + 2x15 + 2x 6 + 2x15 + 269 + 6365 + 63C5 + 6 3 c 8 + &3X9, 

(6 3 6 8 )6 8 = b 3 b 8 + x 6 6 8 + ^15^8 

= h + x 6 + xi 5 + 63 + x 6 + 69 + 2x15 + 63 + z 3 + 2x 6 + 5x i5 + 36 9 , 

which imply that 

6365 + 63C5 + 6 3 c 8 + 63X9 = 4xi5 + 269 + z 3 . 

By the expression of 63X15 in Step 3, it can be easily show that Step 7 
follows. 

Step 8. r 3 6 5 = t 15 , r 3 c 5 = ti 5 , r 3 c 8 = t 15 + d 9 , r 3 x 9 = t 15 + dg + y 3 and 
r 3 y 3 = Xg. 

Since 

6^3 = r 3 + 2r 3 6 8 + 2r 3 xi + r 3 6 5 + r 3 c 5 + r 3 c 8 + r 3 x 9 

= r 3 + 2r 3 + 2s 6 + 2t 15 + 2s 6 + 2i i5 + 2d 9 + r 3 6 5 + r 3 c 5 + r 3 c 8 + r 3 x 9 , 

(r 3 b 8 )b 8 = r 3 b 8 + 6 8 s 6 + 6 8 ii 5 

= r 3 + s 6 + ti 5 + r 3 + s 6 + 2*15 + ^9 + r 3 + y 3 + 5*i 5 + 2s 6 + 3d 9 , 
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it holds that 



r 3 b 5 + r 3 c 5 = r 3 c 8 + r 3 xg = Ati 5 + 2dg + y 3 . 

But (r 3 t\5, xg) = 1. The first four equations follow from above equation. 
Consequently, r 3 y 3 = xg. 

Step 9. r 3 c 9 = 6 9 + xi 5 + z 3 , r 3 z 3 = c 9 , x 6 yis = &3 + ^3 + ^6 + 4xi 5 + 26 9 , 

X 6 Cg = 2ti5 + 2dg + Sq, XqX W = bg + b 3 + Z 3 + 3xi5, ^6^6 = 1 + &8 + h + C5 + 
c 8 + x 9 , x 6 s 6 = 26 6 + eg + f/15 and X 6 Cg = 2X15 + ^6 + 26g. 

Since rg6 9 = (r 3 6g)r 3 , we have the first equation, which the second 
equation follows from. The rest of equations follow from associativity of 

(c 3 6s)^6 = b 8 (c 3 X 6 ), (d 3 b 8 )x G = b 8 (d 3 X 6 ), (b 3 X 6 )x 6 = (b 3 X 6 )x 6 , (b 3 C 3 )x 6 = 

(6 3 x 6 )c 3 , (6 3 c 3 )x 6 = 6 3 (c 3 x 6 ) and (r 3 c 3 )c 9 = r 3 (c 3 c 9 ) respectively. 
Step 10. x 6 y 3 = d 3 + y 15 . 

By known equations, we have that (xgy 3 , 2/15) = (xgyis, y 3 ) = 1 and 
(x6?/ 3 , d 3 ) = (x%d 3 , y 3 ) = 1, which Step 10 follows from. 

Step 11. X 6 &5 = X 6 + bg + X15, X 6 C 5 = X 6 + 6g + X15, X 6 C 8 = X 6 + 6g + 

2x15 + z 3 and z 3 x 6 = xi + c 8 . 
Since 

6gX 6 = x 6 + 2x 6 6s + 2x 6 xi + x 6 b 5 + X 6 C 5 + X 6 C 8 + X 6 Xg 

= x 6 + 26 3 + 2x 6 + 26 9 + 4xi5 + 26g + 26 3 + 2z 3 + 6x15+ 
xeh + x e c 5 + x 6 c 8 + x 6 + 26 9 + 2x 15 , 
(6 8 x 6 )6 8 = 6 3 6 8 + x 6 6 8 + bgb 8 + 26 8 xi 5 

= b 3 + x 6 + X15 + 6 3 + x 6 + b 9 + 2x15 + z 3 + x 6 + 26 9 + 
+3xi5 + 26 3 + 2z 3 + 4x 6 + 10xi5 + 66g, 

we have that 

£6&5 + x 6 c 5 + x 6 c 8 = 3x 6 + 36g + z 3 + 4xi 5 . 



Ill 



By the expression of xqXq in Step 9, we have that (X6&5, x%) = (xqc^, xq) = 
(xqCs, xq) = 1. The first three equations of Step 11 follows by com- 
paring the degrees. Hence (xqz 3 , c 8 ) = 1. In addition to (Z3X6, xio) = 
(xqXio, z 3 ) = 1, which the last equation follows from. 

Step 11. XqXq = Xq + 26 9 + 2x15, x 6 dg = &6 + 2c 9 + 2£/i5, x%d 3 = z 3 + X15 
and x 6 6 9 = 2c 9 + b 6 + 2yi 5 . 

It follows from (6 3 z 3 )x 6 = 6 3 3 x 6 ), (^ 3 c 3 )x 6 = c 3 (z 3 x 6 ), (r 3 c 3 )J 3 = 
r 3 (c 3 d 3 ) and (r 3 c 3 )6 9 = (r 3 6 9 )c 3 respectively. 



Step 12. Based on the equations known by us, we can check the inner 
products of some products of basis elements and come to the following table: 



values of inner products 


new equations 


(z 3 bg, b 8 ) = (b 8 b 9 , z 3 ) = 1 
(z 3 x 15 , b 8 ) = (b 8 x 15 , z 3 ) = 1 


Z 3 b 8 = bg + X15 


(x 6 Xi , bg) = (X 6 C 5 , bg) = (x 6 &5, h) = 1 

(x 6 6 8 , bg) = (xqc 8 , b 9 ) = 1, (x 6 x 9 , bg) = 2 


^6&9 = h + C5 + xio + b 8 + c 8 + 2x 9 


(x 6 6 8 , x 15 ) = 2, (x 6 xi , xi 5 ) = 3, 

(x 6 &5, X15) = (X 6 C 5 , X 15 ) = 1 

(x 6 c 8 , xi 5 ) = (x 6 x 9 , x i5 ) = 2 


x 6 xi 5 = 65 + c 5 + 26 8 + 3xio + 2c 8 + 2x 9 


(x 6 c 3 , t 15 ) = (x 6 d 3 , t 15 ) = (x 6 6 6 , t 15 ) = 1 

(x 6 c 9 , h 5 ) = 2, (x 6 yi5, t 15 ) = 4 

(x 6 z 3 , d 3 ) = (x 6 yi 5 , z 3 ) = 1 

(x 6 d 3 , X15) = (x 6 &6, ^15) = (x 6 c 3 , X15) = 1 

(x 6 c 9 , xi 5 ) = 2, (x 6 yi 5 , X15) = 4 


^6*15 = c 3 + d 3 + 2c 9 + 4yi 5 + 6 6 
x 6 z 3 = d 3 + 2/15 

^6^15 = 4yi5 + 6 6 + 2c 9 + <i 3 + c 3 



Step 13. Repeatedly considering the associativity of basis elements, we 
can come to new equations. Since the process is trivial and repeated, the 
concrete process are omitted and corresponce between associativity of basis 
elements and new equations are listed in following table. Occasionally we 
need check the inner products based on the old and new equations to obtain 
more new equation, at this moment, an explanation is given: 
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associativity checked 


new equations 


or inner products 




(63C3W3 = b 3 (c 3 d 3 ) 


^3^6 = Z 3 + X15 


(6303)7/3 = b 3 (c 3 y 3 ) 


v 3 sf. = c 8 + xio 


(6303)^3 = (6323)03 


Z 3 Sr = d 3 + V15 


(b 3 C 3 )z 3 = 63(03,23) 


z 3 s§ = d 3 + yi 5 


(bzc 3 )sQ = b 3 (c 3 s 6 ) 


si = 1 + 65 + C 5 + 6 8 + C S + Xg 


(6303)69 = 63(0369) 


69 se = 6 6 + 2c 9 + 2yi5 


(63C3)xi5 = 63(03X15) 


^6^15 = C3 + d 3 + 6 6 + 2c 9 + 4^15 


(63C3)*15 = 63(03*15) 


s 6 *i 5 = 65 + c 5 + 26 8 + 2c 8 + 2x 9 + 3xio 


(6303)^9 = 63(03^9) 


s 6 d 9 = 65 + c 5 + 2x 9 + 6 8 + C 8 + Xio 


(6303)^10 = 63(03X10) 


«6^10 = r 3 + 2/3 + dg + 3ti5 


(6363)65 = 63(0365) 


S665 = S6 + dg + tis 


(&3C3)C5 = 63(0305) 


S6C5 = «6 + *i5 + ^g 


(63C3)C 8 = 63 (c 3 c 8 ) 


«6C 8 = 2/3 + S6 + dc, + 2ti5 


(6 3 C 3 )X9 = 63(03X9) 


S 6 Xg = S 6 + 2cZg + 2ti5 


(6303)09 = 63(0309) 


s 6 cg = X 6 + 26g + 2X15 


(5563, V15) = 1 




(se6g, V15) = 2, (s e x 15 , y 15 ) = 4 




(se^3, V15) = {S6X 6 , yi 5 ) = 1 


S6V15 = 26g + 4xi5 + Z3 + x 6 + 63 
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associativity checked 


new equations 


or inner products 






(0303)09 = 


"3(0309) 


6969 = 


1 + h + c 5 + 26 8 + 2c 8 + 2x 9 + 2xio 


( U A \U 

{b 3 d 3 )bg = 


"3(0309) 


b% = d 3 + c 3 + 26 6 + 2c 9 + 3yi 5 


/ L A \ — 

(0303)^15 = 


= 03(63X15) 


69x15 = 


= 62/15 + 3c 9 + O3 + 26 6 + c 3 


(63^3)^15 r 




69X15 = 


= 26 5 + 2C5 + 3c 8 + 36 8 + 4xio + 3Xg 




A (V. 4- \ 

-- 03(03*15) 


09*15 = 


= 03 + C3 + 61/15 + 3cg + 26 6 


fL A \ A 


A fU A \ 

03(0309) 


U A 

O9O9 — 


c 3 + "3 + + ^ c 9 + -32/15 


(0303)2/3 = 


"3(032/3) 


092/3 = 


C3 + 2/15 + Cg 


( u a ^ ~ 

(0303)^3 = 


"3(03^3) 


M 3 = 


eg + c 3 + 2/15 


I03«3j^3 — 


"3(03^3) 


09^3 = 


6 8 + Xg + X10 


(03^3)2:10 = 


= 03(^3^10) 


69X10 = 


= Z 3 + 63 + 26g + x 6 + 4xi5 


(03^3)05 = 


O3(d305) 


69 Cg = 


b 3 + z 3 + 2x 6 + 3X15 + 26g 


(03^3)C5 = 


b 3 {d 3 C 5 ) 


69 Cg = 


r 3 +y 3 + 2s 6 + 2d 9 + 3*15 


(03 1^3) 06 = 


b 3 (d 3 b 6 ) 


69 6 6 = 


26g + 2X15 + Xq 


(o 3 d 3 )c 8 = 


b 3 (d 3 c 8 ) 


&92/15 = 


= 6X15 + 63 + z 3 + 2x 6 + 36g 


(fe 3 li 3 )x9 = 


h(d 3 x 9 ) 


69X9 = 


26g + 3X15 + z 3 + 63 + 2x 6 


(&3 0*3) 2/15 = 


= 03(032/15) 


692/15 = 


= ^3 + 2/3 + 2s 6 + 6*15 + 3dg 


(b 3 d 3 )d 3 = 


6 3 (d§) 


69 d 3 = 


r 3 + tis + d 9 


(M3)c_3 = 


b 3 (d 3 c 3 ) 


69 c 3 = 


z 3 + 0g + X15 


(b 3 d 3 )d 3 = 


h(d 3 d 3 ) 


69 d 3 = 


03 + 6g + X15 


(b 3 d 3 )c 3 = 


b 3 (d 3 c 3 ) 


69 c 3 = 


^3 + 09 + ^15 
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associativity checked 


new equations 


or inner products 




{b 3 b 5 )x 15 = 


= (63X15)05 


™2 1 0^7 _J_ Ah _L _L Q01 

X 15 — 2c 3 + ^"3 + 406 + OCg + y^/15 


[b 3 b 5 )X 15 = 


= (63X15)65 


X15X15 — 1 + DXg + O05 + 0C5 + 008 + 






+5C8 + 6x10 


1 u u \ + 


{U -f- \u 

'- (03*15)05 


^15*15 — 4 &6 + OCg + yyi5+ 






+ZC3 + IA3 


iU U \ A 
(O305JU9 = 


(030(9)05 


X15U9 — C 3 + O3 + ZOq + OCg + 0^15 


{03t>5) z 3 — 


(03^3)05 


^15^3 = 65 + C5 + 6 8 + C8 + Xg + X10 


(6365)65 = 


036! 


X1565 = h + 63 + X 6 + 26g + 3xi 5 


(^3&5)^10 = 


= (03X10)05 


X15X10 — 03 -f 23 -r 0X6 t ^Og -f- DX15 


(6365)0; = 


(05C 5 )0 3 


X15C5 = 63 + Z 3 + X 6 + 26g + 3xi5 


(6365)08 = 


(05Cs)o 3 


X15C8 = 63 + z 3 + 2x 6 + 36 9 + 5xi5 


(6365)29 = 


(05X9)63 


X15X9 = 63 + z 3 + 2x 6 + 36 9 + 6X15 


(6365)^3 = 


(6543)03 


X150?3 = Xq + 2X15 + 69 


(6365)0^3 = 


(650*3)63 


Xl50!3 = «6 + d 9 + 2ti 5 


(6365)09 = 


(6509)63 


xiscg = r 3 + y 3 + 2s 6 + 6*15 + 3dg 


(6365)09 = 


(6509)63 


X15&g = 63 + z 3 + 2x 6 + 36g + 6x15 


(6365)65 = 


(6566)63 


Xi 5 6 6 = 63 + Z 3 + 26g + 4xi5 + Xq 


(6365)2/15 = 


= (652/15)63 


xi5Vi5 = 2y 3 + 2r 3 + 4s 6 + 6o! 9 + 9* i5 



associativity checked 


new equations 


or inner products 






(6366^15 = 


: (63*15)65 


i? 5 = 1 + 56 8 + 5c 8 + 36 5 + 3c 5 + 6x10 + 6xg 


(6 3 6 6 )<ig = 


(63^9)65 


C*g*15 — 


26 5 + 2c 5 + 36 8 + 3c 8 + 3x 9 + 4xio 


(6366)2/3 = 


(632/3)65 


2/3*15 = 


65 + C5 + 6 8 + C 8 + Xg + X10 


(6365)^3 = 


(63^3)65 


^3*15 = 


6 6 + cg + 2yi 5 


(636 6 )xi = 


= (6 6 xi )6 3 


*15XlO " 


= ^3 + 2/3 + 4dg + 3S6 + 6*15 


(6365)65 = 


(6565)63 


^1565 = 


r3 + 2/3 + sq + 2d 9 + 3*15 


(6365)05 = 


(6505)63 


*15C5 = 


^3 + 2/3 + S 6 + 2dg + 3*15 


(6365)08 = 


(6503)63 


*15C8 = 


^3 + 2/3 + 2s 6 + 3o?g + 5*15 


(6 3 6 6 )x9 = 


(65^)63 


*l 5 Xg = 


7*3 + 2/3 + 3<ig + 2s 6 + 6*15 


(6366)^3 = 


(65^3)63 


*15^3 = 


X 6 + 6g + 2xi5 


(63 6 6 ) Cg = 


(6ecg)6 3 


*i5Cg = 


63 + Z3 + 36 9 + 2x 6 + 6x15 


(6366)66 = 


6 3 6i 


^1565 = 


63 + Z3 + X 6 + 26g + 4X15 


(6366)2/15 = 


= (662/15)63 


*152/15 = 


= 26 3 + 2z 3 + 4X6 + 669 + 9X15 
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associativity checked 
or inner products 


new equations 


(b 3 d 3 )d 9 = (b 3 d 9 )d 3 
(b 3 d 3 )x 10 = (b 3 x 10 )d 3 
(b 3 d_ 3 )b 5 = (b 3 b 5 )d_ 3 
{b 3 d_ 3 )c 5 = (b 3 c 5 )d 3 
{b 3 d_ 3 )c 8 = {b 3 c 8 )d 3 
(b 3 d 3 )d 3 = (b 3 d 3 )d 3 
(b 3 d_ 3 )c 9 = (b 3 c 9 )d 3 _ 
(b 3 d_ 3 )yi 5 = {b 3 yi 5 )d 3 
(b 3 d 3 )x 9 = (d 3 x 9 )b 3 


d§ = 1 + b 5 + c 5 + 2b 8 + 2c 8 + 2x 9 + 2xi 
d 9 x w = 2/3 + r 3 + s 6 + 2dg + 4ii 5 

cfo&5 = «6 + dg + 2ti5 

^9C5 = 56 + ^9 + 2*15 

dgC 8 = r 3 + S 6 + 2(fg + 3*15 

^3 = &3 + bg + X15 

dgCg = b 3 + z 3 + 2x 6 + 26g + 3X15 

^92/15 = &3 + Z 3 + 2x 6 + 36g + 6x15 

dgxg = r 3 + y 3 + 2s 6 + 2d 9 + 3% 



associativity checked 
or inner products 


new equations 


06^)^3 = ( z 3%6)d 3 

(x Q d 3 )z 3 = (z 3 x 6 )d 3 
{x 6 d 3 )z 3 = {y 3 x 6 )d 3 
{x%d 3 )y 3 = (y 3 x 6 )d 3 
(x 6 d 3 )d 3 = (d 3 d 3 )x 6 
(x 6 d 3 )c 9 = (d 3 c 9 )x 6 
(x 6 d 3 )b 6 = (d 3 b 6 )xQ 
(x 6 d 3 )b 6 = (d 3 be)xs 


Z%= d 3 + h 
z 3 z 3 = 1 + b 8 
vl = 1 + c 8 
2/3^3 = d 3 + 6 6 

^3^3 = Z 3 + X 6 

^3Cg = r 3 + dg + ii 5 
^3&6 = 2/3 + *15 
Z3&6 = Z 3 + X15 
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associativity checked 
or inner products 


new equations 


(r 3 x w , s 6 ) = (s 6 6 8 , r 3 ) = 1 

(d 9 yi5, x 6 ) = 2, (46 6 , x 6 ) = 1, (4c 9 ,x 6 ) = 2 

(^62/3, 4) = 0e*i5, 4) = 1 

(^3) 4 = r 3 (c 3 d3) 

(x 6 6 6 , bg) = 1, (693/15, x 6 ) = (6 9 c 9 , x 6 ) = 2 

(x 6 6g, Xg) = (x 6 Xi 5 , Xg) = 2, (x 6 X 6 , Xg) = 1 
(6g6g, C 8 ) = 2, (69X15, c 8 ) = 1, (x 6 c 8 , 6 9 ) = 1 
(6g6g, 6 8 ) = 2, (69X15, 6 8 ) = 3, 

(6 9 z 3 , 6 8 ) = (x 6 6 8 , 69) = 1 

(6 9 6g, C 5 ) = (x 6 C 5 , 6g) = 1, (69X15, C 5 ) = 2 

(X15C9, y 3 ) = (^1565, 2/3) = 1, (arisyis, 2/3) = 2 
(6365)^3 = (6323)65 
(6365)4 = (654)63 
(6 3 6 5 )c 9 = (6 5 c 9 )6 3 

(6365)2/15 = (652/15)63 

(^6*15, C 3 ) = (6gti 5 ,C 3 ) = 1, (Xi 5 ti 5 , C 3 ) = 2 

(46 8 , 2/3) = (4^io, 2/3) = (4^9, 2/3) = 1 

(42/15, Z 3 ) = (4c 3 , Z 3 ) = (dgCg, Z 3 ) = 1 


r 3 S6 = xio + 6 8 

x 6 4 = 6 6 + 22/15 + 2cg 

3^4 = 2/3 + *15 

X 6 4 = Z 3 + X15 

X 6 6g = 6 6 + 22/15 + 2cg 

X 6 Xg = 26g + X 6 + 2xi5 

6gC 8 = 26g + 3xi5 + ^6 + 63 

6g6 8 = 26g + 3xi5 + z 3 + X 6 

C 5 6g = 6g + 2xi5 + ^6 

^152/3 = 6 6 + Cg + 2l/i5 

^15^3 = 6 6 + Cg + 22/15 

£154 = Sq + 2ti 5 + dg 

^i5Cg = 63 + z 3 + 36 9 + 2x 6 + 6x15 

XlbVlb = 9X15 + 2^3 + 26 3 + 4x 6 + 66g 

*15C3 = Xq + 6g + 2xi 5 

42/3 = Xg + 6 8 + Xio 

dgZ 3 = c 3 + Cg + 2/15 
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associativity checked 
or inner products 


new equations 


(b 3 b 3 )dq = (b 3 dq)b 3 




<^9&8 = 


y 3 + Sq + 2dq + 3tl 5 


(bqdq, C-i) = (dqZ-1, C 3 ) = 
\ y y ; o / \ y o * o / 


(xi5<iq, C3) = 1 

V J. y 5 / 


dgc 3 = 


6q + Z3 + Xl 5 

y 1 1 lu 


(dabs, y 3 ) = y 3 ) = 


= l 


y 3 b% = 




(saXio, ?/s) = (£15X10, ?/3^ 

\ U J-U" (70/ \ J-U XU 7 fy O j 


= ((fqXin, y 3 ) = 1 


2/3X10 r 


= Sfi + ti c; + do 


(ii5?/3, 5c:) = 1 




J/365 = 




(ii5ys, C5) = 1 




J/3C5 = 




(tl5?/3, Cs) = (Sfi?/3, Cs) = 


(y 3 cs,, y 3 ) = 1 


2/3 c 8 = 


^6 + 5 + 


(tl5?/3, Xq) = (dqy 3 , Xq) - 


= (^3"V3, Xq) = 1 


2/3^9 = 


t\ 5 + dq + r 3 


(bqy 3 , c-{) = 1 




2/3 c 3 = 


69 


(69 2/3, (I3) = 1 




2/3^3 = 


69 


(>32/3, Cg) = (6gC 9 , y 3 ) = 


Ol5Cq, y 3 ) = 1 


2/3C9 = 


63 + 69 + ^15 


(X15V3, h) = (V3Z3, h) = 


= 1 


2/3^6 = 


X15 + Z 3 


Oe2/3, 2/15) = {bgy3, 2/15) 


= 1, (^152/3, 2/15) = 2 


2/32/15 = 


= Xq + 69 + 2X15 


(x 6 x w , Z 3 ) = (69X10, z 3 ) 


= (X15X10, Z 3 ) = 1 


Z 3 X 10 = 


= Xq + 69 + X15 


O15&5, z 3 ) = 1 




^365 = 


X15 


(X15C5, z 3 ) = 1 




Z3C5 = 


X15 


(x 6 c 8 , z 3 ) = (xi 5 c 8 , z 3 ) = 


= (^3^3, c 8 ) = 1 


^3C8 = 


X6 + X15 + Z 3 


(63X9, Z 3 ) = (69X9, z 3 ) = 


(X15X9, Z 3 ) = 1 


Z3X9 = 


63 + 69 + X15 


(69C3, z 3 ) = 1 




Z3C3 = 


69 


(s 6 d 3 , z 3 ) = (d 3 y 3 , z 3 ) = 


1 


^3 = 


S6 + 2/3 


(63C9, Z 3 ) = (bqCq, z 3 ) = 


(X15C9, Z 3 ) = 1 


Z3V15 = 


= 63 + 69 + X15 


(xeyi5, Z 3 ) = (&92/15, z 3 ) 


= 1, (^152/15, Z 3 ) = 2 


Z3V15 = 


= Xq + 69 + 2X15 


(seZ/15, 23) = (dgyis, ^3) 


= 1, Oi52/i5, z 3 ) = 2 


Z3V15 = 


= Sq + 2ti 5 + 4) 
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8 Structure of NITA generated by 63 and satisfy- 
ing bj = c 3 + 6 6 , c 3 ^ 63, 63, (6 3 6 8 , 6 3 6 8 ) = 3 and c 3 
real 

In this section we discuss NITA satisfying the following hypothesis. 

Hypothesis 8.1. Let (A, B) be NITA generated by a non-real element 
63 G B of degree 3 and without non-identity basis element of degree 1 or 2, 
such that : 

6363 = l + b 8 

and 

= c 3 + 6 6 , c 3 = c 3 
where 6j, q , di G B are of degree i. 
Lemma 8.1. Let (A, B) satisfy Hypothesis then 

1) 4 = i + b 8 , 

2) 63C3 = 63 + x e , x e ^ xq G B, 

3) b 8 b 3 = x 6 + 6(363, 

4) b 8 + bj = c 3 6 6 + 6 6 c 3 + 6 6 6 6 , 

5) 6 6 c 3 = x 6 6 3 , 

6) c 3 6 8 = 6 6 + x 6 b 3 , 

7) (6 8 6 3 , 6 8 6 3 ) = 3, 4. 

Proof. : By Hypothesis 18. 1| we have (6303, 63) = (c 3 , 63) = 1. So 
(M>3, c|) = (63C3, 63C3) > 2, hence 

c! = l + 6 8 . (1) 

Further we have 

6 3 c 3 = 6 3 + x 6 . (2) 

If xq = xq, then 1 = (63C3, 63C3) = (c§, 63), a contradiction to Hypothesis 
18.11 By the associative law (6363)63 = 636^ and Hypothesis 18. 1\ one 

concludes that 63 + 6 8 &3 = C363 + 6663. So 6363 = xq + 6563 holds by (2). By 
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the associative law (636s) 2 = 6363 and Hypothesis I8.!l and (1), we see that 



l + 26 8 + &! = (c 3 + 6 6 )(c 3 + 6 6 ), 
1 + 26 8 + 6 8 = cf + c 3 6 6 + 6 6 c 3 + 6 6 6 6 , 
6 8 + 6 8 = c 3 6 6 + 6 6 c 3 + 6 6 6 6 . 

By the association law (6563)63 = 636I an d Hypothesis 18.11 and (2), it 
holds that 63 + 6^3 = C363 + b^b^, hence 

6 8 6 3 = x 6 + 6 6 6 3 . (3) 

By Hypothesis ED , (Ms, 63) = (&6, &§) = 1 , so by (3) 

(6363, 6 8 6 3 ) > 3, 

we shall show that (b 8 b 3 , b 8 b 3 ) = 3, 4. By the associative law and Hy- 
pothesis 18.11 and equations (1) and (2), we have that (b 3 )c 3 = 63(6303), 
c| + 6 6 c 3 = 6363 + x 6 6 3 , thus 

&6C3 = ^63. (4) 

By (3), (xqB 3 , b$) = (xq, b 3 b 8 ) = 1 holds. So (xq1) 3 , xqE 3 ) > 2. We shall show 
that (x 6 b 3 , x 6 b 3 ) = 2, 3. If (x 6 6 3 , x 6 b 3 ) = 4, then x 6 b 3 = b 8 + g 3 + w 3 + v±, 
hence 

^353 = X 6 + W 3 , b 3 W 3 = Xq + k 3 , b 3 V4 = Xq + Z 6 - 

Therefore 1 < (6353, b 3 w 3 ) = (b 3 b 3 , g 3 w 3 ). We come to w 3 = g 3 by Hypoth- 
esis [87T] hence 2 = (xeb 3 , w 3 ) = (xq, b 3 w 3 ), so that b 3 w 3 = 2xq, a contra- 
diction by (4). Now we can announce that (J>qc 3 , T>qc 3 ) = (b§b§, c|) = 2, 3. 
By (1), it follows that (&6^6> 6363) = (6563, b§b 3 ) = 2 or 3. Therefore 
(6 8 6 3 , b 8 b 3 ) = 3, 4 by (3). 

By the associative law (6303)63 = 03(6363) and Hypothesis I8TT1 we get 
63 + x e b 3 = c 3 + c 3 6 8 and c 3 6 8 = 6 6 + x 6 6 3 . □ 

Lemma 8.2. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 8 b 3 ) = 3, 
then we get: 

1) bob 3 = 63 + x 15 , 
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2) b s b 3 = x e + 63 + xi 5 , x 6 / x 6 , 

3) x 6 b 3 = fe 8 + xio = 6 6 C3, ^6 / &6, x io = %io, 

4) X 6 C 3 = 63 + X15, 

5j fe 3 2 6 = c 3 + 2/15, 

<JJ fe 8 c 3 = fe 6 + c 3 + yi5, fe 6 = fe 6 , 2/15 = 2/i5- 

Proof. By our assumption in this lemma and part 3) in Lemma 18.11 and 
Hypothesis 18.11 

&6&3 = b 3 + 215, (1) 

then 

fesfe3 = X 6 + b 3 + SG15 

Mi), 

(fe 6 fe 6 , fe 3 fe 3 ) = (fe 6 fe 3 , fe 6 fe 3 ) = 2, 
then by 1) in Lemma 18. 1| 

2 = (fe 6 fe 6 , c|) = (fe 6 c 3 , b 6 c 3 ). (2) 

By 6) in Lemma 18.11 

(fe 6 c 3 , fe 8 ) = (c 3 fe 8 , fe 6 ) = 1, 

so by (2) 

&6C3 = b 8 + 2i . (3) 

so by 5) in Lemma 18.11 

£6^3 = b 8 + a?io, (4) 

so by (1) we get that xq 7^ fee- By the associative law (c|)fe3 = (03^3)03 and 
1), 2) in Lemma 18.11 and (2) , it follows that 

b 3 + b 3 b 8 = fe3C3 + ^6C3, 
fe3+^6 + fe3+^15 = b 3 + xe + x e c 3 , 

so 

^6C3 = &3 + S"l5, (5) 
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By (4) and 2) in Lemma 18.11 



2 = (x 6 6 3 , x 6 b 3 ) = (x 6 b 3 , x 6 b 3 ), (b 3 x e , c 3 ) = (x 6 , b 3 c 3 ) = 1. 
Therefore 

&3^6 = c 3 + yi 5 - (6) 

By the associative law (b 3 b 3 )c 3 = (b 3 c 3 )b 3 and 2) in Lemma 18.11 and Hy- 
pothesis 18.11 one has 

c 3 + b 8 c 3 = &l + x 6 6 3 , 
c 3 + b 8 c 3 = c 3 + b 6 + c 3 + y 15 , 
b%c 3 = b 6 + c 3 + yi 5 . 

b 8 , c 3 are reals , then 

be = be, Vis =Vi5- 

By (3), we have xio = xio- □ 

Lemma 8.3. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 8 b 3 ) = 3, 
then Lemma 18.21 hold and we get : 

1) X W b 3 = X15 + X 6 + Xg, X W = Xio, 

2) x 6 b 8 = 2x15 + b 3 + x 6 + x 9 , 

3) X 15 C 3 = 2xi5 + X 6 + Xg, 

4) yi5~b~3 = 2x15 + x 6 + x 9 , 

5) X 6 &6 = 2x 6 + X15 + x 9 , 

6) c 3 xi = h + yi5 + 2/9, 

7) x\ = 26 6 + 2/15 + 2/9, 

8) x 15 b 3 = 2y 15 + b G + y 9 , 

9) b 8 b 6 = 2yi 5 + b G + c 3 + 2/9, 2/9 = V9, 

10) 6 8 xi5 = 4xi5 + 2x 6 + 2x 9 + b 3 + y 9 b 3 . 

Proof. By the associative law {b\)b§ = {b 3 b§)b 3 and Hypothesis 18.11 and 
1), 3) in Lemma 18.21 we get 

c 3 b 6 + bl = b 3 b 3 + x 15 b 3 , 
b 8 + x 10 + bl = 1 + b 8 + xi 5 5 3 , 
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Hence 

zio + = 1 + x 15 6 3 . (1) 

By 3) in Lemma [O , 

(63x10, x 6 ) = (xio, 6 3 x 6 ) = 1, 

hence by (1), 

(x w b 3 , xi 5 ) = (63x15, xio) = 1, 

So 

^10fe = ^15 + X 6 + Xg, 

where xg is linear combination of B. we shall show that xg 6 5. If X1063 
have element of degree 3 , then 

1 = (xiofa, 2/3) = (xio, b 3 V3), 
hence 637/3 = xio, a contradiction. So 

Xi 6 3 = X i5 + X 6 + Xg, (2) 

where xg 6 B. By the associative law and Hypothesis 18.11 and 2), 3) in 
Lemma 18. 2\ we get 

(6 3 x 6 )6 3 = x 6 (6 3 6 3 ), 
6363 + X1063 = x 6 + x 6 6 8 , 

X 6 +X 6 6 8 = X 6 + 63 + X15 + X15 + X 6 + Xg, 



Hence 

x 6 6 8 = 2x15 + 63+^6+^9- (3) 

By the associative law (6303)68 = 63(6303) and 1), 2), 6) in Lemma 18.21 
and 2) in Lemma 18. 1} we come to 

6363 + x 6 6 8 = 6 6 6 3 + c 3 6" 3 + yi 5 6~ 3 , 

X 6 + 63 + X15 + 2X15 + 63 + X 6 + Xg = 63 + X i5 + 63 + X 6 + ^563, 
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So 

yi 5 b 3 = 2xi5 + %6 + x 9 . (4) 

By the associative (6303)63 = (6363)03 and 1), 2), 6) in Lemma 18.21 and 
in Lemma 18.11 and (3), the following equations hold: 

6 3 6 8 + x 6 6 8 = x 6 c 3 + 63C3 + x 15 c 3 , 

X6 + 63 + X15 + 2X15 + 63 + X 6 + X 9 = 63 + X15 + 63 + X 6 + X15C3, 

So 

X15C3 = 2x15 + x 6 + x 9 . (5) 

By the associative law (6303)65 = 03(6366) and 2) in Lemma 18. II and 1) 
in Lemma 18.21 and (5), one should have 

6366 + x 6 b 6 = 63C3 + X15C3, 
63 + Xi5 + X 6 6 6 = 63 + x 6 + 2x15 + x 6 + x 9 , 
x 6 6 6 = 2x 6 + xi 5 + x 9 . 

By the associative law and 5), 4) in Lemma 18.21 and 1) in Lemma 18.11 we 

get (6 3 x 6 )c 3 = 6 3 (x 6 c 3 ), c| + yi 5 c 3 = 6363 + 63X15 and yi 5 c 3 = 63X15. Now 
by (2) it follows that (X1565, xio) = (63X10, X15) = 1. So 

1 = (2/15C3, x w ) = (yi 5 , C3X10). (7) 

By 3) in Lemma 18.21 

(c 3 xi , 6 6 ) = (c 3 6 6 , xio) = 1. (8) 

By (2) and 1) in Lemma 18.11 we have (C3X10, C3X10) = (c|, xf ) = 
(6363, xf ) = (63X10, 63X10) = 3. Therefore by (7) and (8), the following 
equation holds 

C3X10 = 6 6 + 2/15 + y 9 , (9) 

where y$ G B. By the associative law and 3), 5), 6) in Lemma 18.21 and 2) 
in Lemma 18.11 and (9), we have that (xe63)c3 = x@(63C3) and 

6 8 c 3 + X10C3 = x 6 6 3 + Xg, 
6e + c 3 + 2/15 + 6 6 + 2/15 + 2/9 = c 3 + yi 5 + x\, 
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so 

x\ = 2b 6 + y 15 + yg. (10) 

By the associative law and 3), 4) , 6) in Lemma 18.21 and Hypothesis 18.11 
and (9), we have (xebecs = (xeCs)b 3 , hence 

b 8 C 3 + X 1Q C 3 = 63 + X1563, 

be + c 3 + 2/15 + b 6 + yi5 + y 9 = c 3 + 6 6 + 215&3, 

so 

x 15 b 3 = 2y 15 + 6 6 + y 9 . (11) 

By the associative law and 2), 5) , 6) in Lemma 18.21 and (11) and the 
Hypothesis 18.11 b 3 (b 8 b 3 ) = ^s(&|) holds, which concludes 

%6h + + X1563 = b 8 C 3 + b 8 h, 

C3 + J/15 + c 3 + 6 6 + 2yi 5 + 6 6 + y 9 = 6 6 + c 3 + yi 5 + b 8 b 6 , 

so 

Me = 2yi2 + b 6 + c 3 + y 9 . (12) 

By the associative law and 1), 2) in Lemma 18.21 and (4) and 2) in 
Lemma 18.11 : 

(bdb 3 )b 8 = b 3 (b 6 b 8 ), b 3 b 8 + x 15 b 8 = 2y 12 b 3 + b 6 b 3 + c 3 b 3 + y 9 b 3 . 

□ 

Lemma 8.4. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 3 b 8 ) = 3, 
then Lemma 18.31 holds and xgc 3 = X15 + d 3 + dg, d 3 7^ c 3 , b 3 , b 3 . 

Proof. By 3) in Lemma 18.31 , 

(c 3 Xg, X15) = (xg, C3X15) = 1, 

SO 

C3X9 = x 15 + a, (1) 
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where a. is linear combination at B. We shall show that a does not have 
degree 4 and also two elements of degree 3. If X4 G a, then 1 < (C3X9, 2:4) = 
(xg, C3X4), hence 1 = (xg, C3X4). So 



So 



hence 



Hence 



C3X4 = x 9 + m 3 . (2) 

(c 3 m 3 , x 4 ) = (m 3 , C3X4) = 1, 

c 3 m 3 = y A + k 5 . (3) 
= (C3"i3, c 3 m 3 ) = (eg, m 3 m 3 ), 



therefore m 3 m 3 = 1+bg. So by the associative law and (3) and 6) in Lemma 
f872l we get (m 3 m 3 )c3 = m 3 (m 3 C3), c 3 + c 3 b 8 = y<irn 3 + A: 5 m 3 . Hence 

2c 3 + 6 6 + yi 5 = y 4 m 3 + /c 5 m 3 (4) 

By (3) 

(yifn 3 , c 3 ) = (y 4 , m 3 c 3 ) = 1, (/c 5 m 3 , c 3 ) = (fc 5 , m 3 c 3 ) = 1, 
hence by (4) we get a contradiction. If x 3 , y 3 G a , then by (1) , 

1 = (C3X9, X 3 ) = (z 9 , C3X3), 

1 = (c 3 x 9 , y 3 ) = (xg, c 3 y 3 ). 

So 

C3X3 = x 9 , c 3 y 3 = x 9 , 

hence 

1 = (c 3 x 3 , c 3 y 3 ) = (c|, x 3 y 3 ), 

therefore by 1) in Lemma 18. 1\ x 3 y 3 = feg + 1, so X3 = y 3 , then by (1) 2 = 
(C3X9, X3) = (xg, C3X3) a contradiction. Therefore by (1) one of following 
holds: 

a) a = d 3 + dg or b) a = ds + dj or c) a = d§ + k§ or d) a = 2d§ or e) 

a = di2- 
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We shall show that a) is the only possibility. Assume b) holds, then by (1) 
we get C3X9 = X15 + d 5 + dj. So (03^5, x g ) = (d 5 , C3X9) = 1, therefore 
c 3 d§ = x 9 + where j3 = 2x3 or j3 = x 3 + 2/3 or j3 = thq. We shall show that 
this possibilities are impossible if (3 = 2x3, then c 3 ds = xg + 2x3, therefore 
(C3X3, d&) = (2:3, c 3 d§) = 2, so C3X3 = 2c?5 a contradiction. If j3 = x 3 + 7/3, 
then c 3 d 5 = x 9 + x 3 + 7/3, hence (c 3 x 3 , d 5 ) = (x 3 , c 3 d 5 ) = 1, (c 3 y 3 , d 5 ) = 
(.V3, c 3 d 5 ) = 1, so 1 < (c 3 x 3 , c 3 y 3 ) = (c§, x 3 y 3 ), then by 1) in Lemma 
18.11 X3 = 2/3 a contradiction. If /3 = tuq, then 036*5 = xg + mj, so by (1) 
and (6), we have {c\)d^ = c 3 {c 3 d§), d$ + 63^5 = X9C3 + m e c^ and 6g(*5 = 
%15 + d-j + 171QC3. So (63X15, ^5) = (&8^5) ^15) = 1) hence by 10) in Lemma 
[83) (7/9*73, d 5 ) = 1 and by 8) in Lemma [873) (7/963, x 15 ) = (y 9 , 63X15) = 1, 
so 7/g6 3 = Xi5 + ci5 + fc7, where k-j is linear combination. When k-j = 63 + 777,4, 
then 1/963 = xi 5 +<i 5 + e 3 + * 3 , hence (637774, y 9 ) = (777,4, 6 3 t/ 9 ) = 1, so 
637714 = 7/g + rj 3 , hence (£363, 7774) = (£3, 637774) = 1, therefore 

*3 63 = 777,4 + *5, (5) 

so 2 = (* 3 & 3 , t 3 6 3 ) = (t 3 t 3 , 6 3 fS 3 ), so by Hypothesis ED *3*3 = l + b 8 , 
hence by the associative law and (5) we come to: 

(*3*3)*73 = (*3*73)*3, h + &8&3 = 7774*3 + *5*3- 

and by 2) in Lemma 18.21 it follows that 263 + xq + X15 = m4t3 + *5*3, so 
7774*3 = 263 + xq, hence 5 = (7774*3, 7774*3) = (77747774, *5*3), then 77747774 = 
1 + 4&§, a contradiction. If 

y 9 b 3 = x 15 + d 5 + k 7 , (6) 

where k 7 € B. Then (b 3 d 5 , yg) = (d 5 , b 3 yg) = 1, hence b 3 d 5 = y g + 7, 
where 7 = vq or 7 = v 3 + 77J3. When 636*5 = 7/g + 7*3 + 77>3, then (63D3, cfe) = 
(Ms, v 3 ) = 1, also (637773, d 5 ) = 1, so 1 < (63W3, 637773) = (6363, 7737773), 
by Hypothesis 18. 1| v 3 = w 3 , then 

2 = (6 3 d 5 , u 3 ) = (t* 5 , 63U3), 

so 

63773 = 2d 5 
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a contradiction. When b 3 d$ = yg + vq, Then by the associative law and (6) 
and our assumption: 




&3 (M5), 
V9h + v e b 3 , 

^15 + d 5 + k 7 + V 6 b 3 . 



Hence 



v 6 b 3 = x 9 + m 6 + i 3 , 



(7) 



so (t 3 6 3 , w 6 ) = (t 3 , 6 3 t; 6 ) = 1, hence t 3 b 3 = v 6 + £3- Therefore 2 = 
(6 3 i 3! b 3 t 3 ) = (t 3 t 3 , b 3 b 3 ), Now by the Hypothesis [871] we get 



and by 2) in Lemma 18.21 we have 2b 3 + xq + X15 = t 3 t>6 + £3^31 but 
(*3«6, &3) = (£363, ue) = 1) (*3P3> b 3 ) = (*3&3, Ps) = 1- This means v 6 i 3 = 
63 +X15, t3p 3 = 63+X6- Then by (7) and (8) it follows that 2 = (vet 3 , vet 3 ) = 
(v 6 v e , t 3 t 3 ) = (v 6 v 6 , b 3 b 3 ) = (v 6 b 3 , v 6 b 5 ) = 3, a contradiction. 

Assume c) holds , then by (1) one has that c 3 xg = X15 + d^ + ke, so 
(c 3 de, xq) = (de, c 3 x 9 ) = 1, hence c 3 d§ = x 9 + 7, where 7 = mg or 
7 = m 3 + v 3 + k 3 or 7 = v 3 + y 6 or 7 = v 4 + v 5 or 7 = 2v 3 + m 3 or 7 = 3i> 3 . 
If 7 = mg, then c 3 d§ = x 9 + mg, so by the associative law and 1) in Lemma 



t 3 t 3 = 1 + 6 8 . 



(8) 



Again by the associative law: 



63(^3*3) = t 3 {b 3 t 3 ),b 3 + b 3 b 8 = t 3 v 6 + t 3 p 3 . 



a- 



(4)de 



(c3d 6 )c 3 



d 6 + d 6 b 8 
d 6 + d 6 b 8 



X15 + d 6 + k 6 + m 9 c 3 



x 9 c 3 + m 9 c 3 



d 6 b 8 = xi 5 + k 6 + m 9 c 3 . 



(9) 
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We shall that d§ ^ xq, xq, k§ ^ xq, xq. By 4) in Lemma 18.21 and our 
assumption if d§ = xq, then 



1 = (c 3 X 9 , Xq) = (xg, C 3 X 6 ) = 0, 1 = (c 3 X 9 , Xq) = (c 3 X 6 , Xg) = 0, 

a contradiction, so d$ ^ xq, xq. in the same way k^ ^ xq, xq. By (9), 
{b 8 x 15 , d 6 ) = (b 8 d 6 , x 15 ) = 1, in the same way (b 8 x 15 , fc 6 ) = (b 8 k 6 , X15) = 
1, then by 8), 10) in Lemma [8^31 (ygb 3 , x 15 ) = (yg, 63X15) = 1, (7/963, d 6 ) = 
1, (2/963, h) = 1- So 

ygb 3 = x 15 + d 6 + k 6 . (10) 
So by the associative law and 2) in Lemma 18.11 : 

(b 3 c 3 )yg = c 3 (b 3 y 9 ), 

hyg + ygx 6 = X15C3 + d 6 c 3 + k e c 3 , 

X15 + d e + k e + ygXQ = 2x15 + x 6 + xg + x 9 + m 9 + k 6 c 3 , 

de + k 6 + y 9 XQ = x 15 + x 6 + 2x 9 + m 9 + k e c 3 . 

And by 3) in Lemma 18.31 and (10) and that €3^6 = xg + m 9 , since k$, d§ 7^ 
xq, then 1 < (k^c 3 , d§) = (k$, c 3 ds), a contradiction to the assumption 
that c 3 d§ = x 9 + mg. If 7 = m 3 + v 3 + k 3 , then 03^3 = x 9 + m 3 +^3 + ^3, 
so (c 3 m 3 , d 3 ) = (m 3 , c 3 d 3 ) = 1, (c 3 v 3 , d 3 ) = (v 3 , c 3 d 3 ) = 1, hence 
1 < (c3m,3, C3U3) = (7713113, c§), then by 1) in Lemma 18.11 7713 = v 3 a 
contradiction. If 7 = v 3 + y%, then c 3 d% = xg + v 3 + ye, so (03113, d§) = 
(tj 3 , c 3 d§) = 1, hence C37J3 = de + t 3 , so by the associative law and 1) in 
Lemma 18. 1\ we get equations: c\v 3 = c 3 {c 3 v 3 ) and 

^3 + ^3&8 = d 6 C 3 + t 3 C 3 ,V 3 + V 3 b 8 = Xg + V 3 + yg + t 3 C 3 . 

Hence v 3 b 8 = x 9 + y 6 + t 3 c 3 . Since (i 3 c 3 , v 3 ) = (i 3 , c 3 v 3 ) = 1, then 
(v 3 b 8 , v 3 b 8 ) > 4, in other hand 2 = (c 3 v 3 , c 3 v 3 ) = (c§, v 3 v 3 ), so by 1) 
in Lemma [87T]: 7J3U3 = 1 + b 8 = 6363, therefore (v 3 b 8 , v s bs) = (6|, = 
(b 8 , 6363) = (6 8 6 3 , b 8 b 3 ), by 2) in Lemma [8721 (b 8 b 3 , b 8 b 3 ) = 3, a contra- 
diction. If 7 = 7J4 + 7J5, then c 3 d§ = X4 + 14 + 15, so by the associative law 
and 1) in Lemma 18.11 : 

c 2 3 d & = c 3 (c 3 d 6 ),d 6 + d 6 b 8 = x 9 c 3 + tj 4 c 3 + v 5 c 3 , 
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hence by our assumption we have + g^s = X 15 + ^6 + ^6 + ViC 3 + v^c 3 , 
thus 

d 6 b 8 = x 15 + k 6 + U4C3 + v 5 c 3 . (11) 

We shall show that cIq 7^ xq, xq, kQ ^ xq, xq. By 4) in Lemma 18.21 , if 
d 6 = xe, or d 6 = x&, then 1 = (c 3 x 9 , xq) = (x 9 , c 3 xq) = 0, 1 = (C3X9, x 6 ) = 
(C3X6, £9) = 0, a contradiction .In the same way k§ 7^ xq, xq. By (11) and 
10) in Lemma [8T3| 

(63^15, d e ) = (b 8 de, xi 5 ) = 1 

in the same way (&8^15> &e) = 1 and by 10), 8) in Lemma 18.31 (yabu . fcg) 

1 ■ (yg&3, ^ 6 ) = 1, (y 9 b 3 , x 15 ) = 1, so y 9 b 3 = x 15 + k e + d 6 . Hence by the 
associative law an 2) in Lemma 18.11 : 

(b 3 c 3 )yg = (&32/g)c3, 
b 3 V9 + X6V9 = x 15 c 3 + k 6 c 3 + d 6 c 3 , 

so by 3) in Lemma 18.31 and our assumption: 

X15 + h + d e + x 6 yg = 2x i5 + xq + xg + k 6 c 3 + Hqc 3 , 

h + ds + xeyg = x 15 + x e +x 9 + v± + v 5 + x~g + k 6 c 3 . 

hence 1 = {k§c 3 , do) = (he, c 3 do), a contradiction to our assumption . If 
7 = 2v 3 + m 3 , or 7 = 3t>3, then c 3 d§ = xg + 2v 3 + m 3 or c 3 de = %9 + 3f3- In 
two cases, it always follows that (03113, do) = (v 3 , c 3 do) > 2, a contradiction, 
assumed then by (1) c 3 xg = 275 + 2d%. Hence (03^6, xg) = (cfe, c 3 xg) = 2 
therefore c 3 d$ = 2xg. so by the associative law and 1) in Lemma 18. 1\ we 
have that (c^dg = c 3 (c 3 de) 

d 6 + d 6 b 8 = 2x 9 c 3 

= 2x15 + 4d 6 , 
d^bg = 2xi 5 + 3d 6 . 

so (68^15; do) = (&8^6) ^15) = 2(12). by 4) in Lemma 18.21 if x§ = de, then 

2 = (c 3 xg, xq) = (xg, c 3 xq) = 0, then d§ 7^ X Q, also dQ 7^ xq. then by (12) 
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and 8), 10) in Lemma [873) (y 9 6 3 , x 15 ) = (y 9 , 63215) = 1, (ysh, <k) = 2. 
So 1/963 = X15 + 2d,Q. Hence by the associative law and 2) in lemma [8TT1 



then by 3) in Lemma 18.31 215 + 2de + y 9 xe = 2215 + x§ + 29 + 2x 9 , a 
contradiction. Assume e) then by 1) , C329 = 215 + d\2- Then by 1) in 
Lemma [87TJ: 2 = (29C3, 2 9 c 3 ) = (x 9 x 9 , c§) = (2929, 6363) = (2963, 2963). 
So by 1) in Lemma 18.31 (xobi. 210) = (x 9 , 63X10) = 1, hence 2963 = 210 + 
217(13). By the associative law and 1) in Lemma 18.11 (03)29 = (6363)29 = 
^3(6329) = (c 3 2 9 )c 3 , 21063 + 63217 = 215C3 + d 12 c 3 . By 1), 3) and Lemma 

[8T3] , 215 + 2 6 + 2g + 63217 = 2215 + 2 6 + 2 9 + d 12 C 3 , 6 3 2i 7 = 2i 5 + d 12 C 3 . 

Then (21563, 217) = (215, 63217) = 1 and by 2) in Lemma 18.21 and 1), 8) 
in Lemma 18.31 



Therefore the only possibility 63215 = 6§ + 210 + 217 + 7773 + z 3 + 2:4. So 
(63ms, 215) = (777,3, ^3^15) = 1 a contradiction. Hence the only possibility 
is that a = d 3 + dg, hence by 1) 29C3 = 215 + d 3 + d 9 . If d 3 = C3, then 
(c|, 29) = (03, C329) = 1, a contradiction to 1) in Lemma 18.11 If d 3 = 63, 
then (C3&3, 29) = (63, C329) = 1 a contradiction to 2) in Lemma 18. II in the 
same way . If ^3 = 63, a contradiction so d 3 7^ C3, 63, 63. □ 

Lemma 8.5. Let(A, B) satisfy Hypothesis 18.11 and (bsbi. 6363) = 3, then 
Lemma 18.41 hold and we get the following : 

1) d 3 c 3 = 29, 29 / 29, 

2) d 3 b 8 = 215 +^9, 

3) b 3 d 3 = y 9 , y 9 = y g , y 9 / 29, 

4) x 9°3 = ^15 + d 3 + 29, 

5) yvh = d 3 + 29 + 215, 

6) d 3 6 6 = d 3 + 215, 

V 6 8 2i 5 = 5215 + 32g + 22 6 + 63 + d 3 , 



2/9(^3) 

2/963 + 2/9^6 



{y9h)c 3 , 

215C3 + 2d 6 c 3 



_ (hxi5, 6 8 ) = (215, 6 3 6 8 ) = 1, 
(63215, 210) = (215, 63210) = 1, 
(b 3 xib, b 3 xi5) = (x 15 b 3 , 21563) = 6, 
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8) x 9 b s = 3X15 + 2x 9 + x 6 + d 3 , 

9) 2/15^6 = 4xi5 + 2x 9 + X 6 + 63 + d 3 , 

10) 6 6 ^15 = 4xi5 + X 6 + 2x 9 + &3 + ^3, 
^ ^32/15 = 2xi5 +XQ + Xg, 

XgXi 5 = 6X15 + 2x 6 + 3x 9 + b 3 + d 3 , 

13) d 3 b 8 = X15 + Xg, 

14) d 3 d 3 = 1 + c 8 , c 8 / 6 8 , 

15j d§ = b 6 + y 3 , d 3 ^ c 3 , 6 3 , 6 3 , y 3 / b 3 , c 3 , 6 3 , 

1£) 6 3 d 3 = Zg, Z 9 / yg, Xg, Xg, Zg = Zg, 

17)yl = l + c s . 
Proof. By Lemma 18.41 (03^3, xg) = (d 3 , c 3 xg) = 1, hence 

d 3 c 3 = Xg. (1) 

By the associative law and 1) in Lemma 18.41 we have d 3 (c^) = xgc 3 and 
d 3 + d 3 bs = X15 + d 3 + dg, which leads to 

d 3 b s = xi 5 + d 9 . (2) 

So (b 8 x 15 , d 3 ) = (b 8 d 3 , xi 5 ) = 1 and by 10) in Lemma[8T3], (ygb 3 , d 3 ) = 
1 = (yg, b 3 d 3 ). So 

b 3 d 3 = yg. (3) 

By the associative law (b 3 b 3 )d 3 = b 3 (b 3 d 3 ) and Hypothesis 18.11 one has 
d 3 +^3^8 = y9h- By (2), we get 

y 9 b 3 = d 3 + dg + X15. (4) 

By the associative law and Hypothesis 18.11 and (3) we have (b^)d 3 = 
(b 3 d 3 )b 3 = y 9 b 3 , d 3 c 3 + d 3 b 6 = y 9 b 3 = d 3 + dg + xi 5 . So 

^3C3 = dg, (5) 

d 3 b 6 = d 3 +X~i 5 . (6) 

Hence by (1) we get dg = xg. By Lemma 18. 4| we may assume 

XgC 3 = X15 + d 3 + Xg. 
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By 10) in Lemma 18.31 and (4) we meet 



b s xi 5 = 5X15 + 3x 9 + 2x 6 + b 3 + d 3 . 



(7) 



By the associative law and 1) in Lemma 18. II and Lemma 18.41 



(cl)x 9 = (c 3 X 9 )c 3 , Xg + Xgb 8 = X 15 C 3 + d 3 C 3 + X9C3. 



By (1) and 3) in Lemma 18.31 and Lemma 18. 4[ we get 



X 9 + X 9 b 8 = 2X15 + X 6 + Xg + Xi 5 + d 3 + Xg, 



SO 



xgbs = 3xi5 + 2xg + xq + d 3 . 



(8) 



By the associative law and 4) in Lemma 18.31 and 2) in Lemma 18.11 
we have that yi 5 (b 3 c 3 ) = (yi 5 b 3 )c 3 , yi 5 b 3 + yi 5 x 6 = 2x 15 c 3 + x 6 c 3 + x 9 c 3 . 
Moreover by 4) in Lemma 18.21 and 3), 4) in Lemma 18.31 and Lemma 18.41 

we get 

Vibh + ywxe = 4xi5 + 2x 6 + 2x 9 + b 3 + x 15 + x"i 5 + d 3 + x 9 , 

then 



By the associative law and 8) in Lemma 18.31 and Hypothesis 18.11 we get 

(^1)^15 = (hxi5)b 3 , xi 5 c 3 +6 6 xi5 = 2y 15 b 3 +b 6 b 3 +y 9 b 3 , By 3), 4) in Lemma 
I8.3l and 10) in Lemma 18. 2 1 and equation (4) we have 2xi5+X6+xg+&6^i5 = 
4xi5+2x 6 + 2x9 + 6 3 + Xi5+d3 + X9+Xi5, so b 6 xi 5 = 4xi5 + x 6 + 2x 9 + 63 + d 3 . 
By the associative law and 6) in Lemma 18.21 and equations (1), (6) and 
(8), we have (c 3 bg)d 3 = (c 3 d 3 )b$ = xgb$. Hence 



cfe + xi 5 + x 9 + y 15 d 3 = 3xi5 + 2x 9 + x 6 + d 3 , 
y 15 d 3 = 2xi 5 + x 6 + x 9 . 

So by the associative law and (1), it follow (d 3 c 3 )y±5 = c 3 (d 3 yis) and xgyis = 
2X15C3 + xgC3 + X6C3. Hence by 3) in Lemma 18.31 and 4) in Lemma 18.21 we 
get that 

XgC 3 = X15 + d 3 + Xg, X 9 Xi5 = 6x i5 + 2x 6 + 3x 9 + b 3 + d 3 . 



2/l5X 6 = 4xi5 + 2x 9 + X 6 + 63 + d 3 . 



(9) 



^6^3 + c 3 d 3 + yi 5 d 3 



3xi5 + 2x 9 + x 6 + d 3 
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By the associative law 1) and in Lemma 18.11 and Lemma 18.41 and equation 
(1) on has that d 3 (c\) = ((£303)03, d 3 + d 3 bg = c 3 xg = x 15 + cZ 3 + Xg, and 
d 3 b% = xi5 + xg. Then we have by (6) that {d\, be) = (c?3, d 3 b$) = 1> so 
c?3 = &6 + ?/3(10), hence (d 3 d 3 , d 3 d 3 ) = (d|, d|) = 2. Now by equation (1) 
and 1) in Lemma 18.11 we get (^303, d 3 c 3 ) = (d 3 d 3 , c|) = 1. Hence 

d 3 d 3 = l + c 8 . (11) 

where cs 7^ 6s by main theorem in [13J, so d 3 7^ C3, 63, 63. Also 2/3 7^ 
C3, &3, 63, since if y 3 = c 3 , then 1 = c 3 ) = (d 3 c 3 , d 3 ), therefore 
(d 3 d 3 , c 3 d 3 ) = (d 3 c 3 , d 3 c 3 ) > 2, a contradiction, in the same way if y 3 = 

2 

63, 63, If xg = xg, then by (1) we have 1 = (03^3, 03^3) = (d 3 , c 3 ), a 
contradiction to 1) in Lemma 18.11 and that d| = b% + y 3 , so xg 7^ xg. 
By equation(ll) and Hypothesis 18.11 it holds that 1 = (d 3 d 3 , b 3 b 3 ) = 
(d 3 b 3 , d 3 b 3 ), hence d 3 b 3 = Zg. By (10) and hypothesis 18.11 , we get 1 = 
(d§, 63) = (d 3 b 3 , d 3 b 3 ), so zg = z 9 , hence z 9 / xg, xg. If z 9 = y 9 , then 
by (3) we have 1 = (d 3 b 3l ^3^3) = (d§, b 3 b 3 ), a contradiction to (10) and 
Hypothesis 18. ll hence zg 7^ yg. By the associative law and equations (11), 
(6) and (10): 

(d 3 b 6 )d 3 = b 6 (d 3 d 3 ),d 2 3 + x l5 d 3 = b e + c 8 6 6 , 

then 

C8&6 =^3 + ^15^3, Cg, 6 6 

are real s and 

(xi 5 d 3 , y 3 ) = (xi 5 , d 3 y 3 ) = 0, 
so 1/3 = 2/3, W (1°) > (d3V3, d 3 ) = 1 hence 

2 < (d 3 y3, d 3 y 3 ) = (^3, y\), 

SO 2/3 = 1 + Cs . □ 

Lemma 8.6. Let(A, B) satisfy Hypothesis 18.11 anrf (fr«6q. 6363) = 3, i/ien 
Lemma 18.51 and we get the following : 
l)b\ = l + 2b 8 + 2xio + 24 + c 8 + h + cs, 

2j ^15^3 = £10 + ^8 + cs + £9 + ^5 + C5, ezi/ier 65, c 5 are reals or 65 = c 5 , 
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3) b 2 6 = l + b 8 + z 9 + c 8 + b 5 + c 5 , 

4) x 6 x 6 = 1 + b 8 + c 8 + z 9 + b 5 + c 5 , 

5j x? = 1 + 26 8 + 2xio + 2c 8 + 26 5 + 2c 5 + 3z 9 , 

6) X 10 X 6 = 63 + 3X15 + d 3 + Xg, 

7) 6 8 xi = 26 8 + xio + X963 + c 8 + z 9 + 65 + c 5 , 
#J C32/15 = Xio + 6 8 + c 8 + z 9 + 65 + c 5 , 

C365 = yi 5 , 
10j C3C5 = yi 5 . 

Proof. At first we notice that either 65 and C5 are reals or 65 = C5 holds. 
But in these two cases, it always follows that 65 + C5 = 65 + C5 = 65 + C5. 
By 2) in Lemma 18.21 and 1), 8) in Lemma 18.31 we have (X1563, X1563) = 
6, (xi 5 6 3 , xio) = (63X10, SC15) = 1, (xi 5 6 3 , 6 8 ) = (6 3 6 8 , xi 5 ), then 

£1563 = xio + b 8 + x + y + z + w, (1) 

where |x + y + z + w\ = 27. Here the case X1563 = xio + 6 8 + 2x is impossible 
since |2x| = 27 will implies that |x| = 13.5. But x is an integer, a contradic- 
tion. By the associative law (6363)63 = 63(6363) and Hypothesis 8.1 and 
2), 3) in Lemma 18.21 we get 

^663+636 3 +xi 5 6 3 = 6 8 +6g,6 8 +a;io+l+6 8 +xi563 = 6 8 +6 8 , l+xi +6 8 +xi 5 6 3 = 6 8 . 
Thus 

b\ = 1 + 26 8 + 2xio + x + y + z + w. (2) 
So by 4) in Lemma 18.11 and 3) in Lemma 18.21 

b 2 & = 1 + 6 8 + x + y + z + w. (3) 

By the associative law (63C3X63C3) = (6363)03 and 1), 2) in Lemma 18. II and 
Hypothesis 18.11 and 3) in Lemma 18.21 : 

(6 3 + x 6 )(6 3 + x 6 ) = (l + 6 8 ) 2 = 1 + 268 + 6^, 
6363 + 6 3 x 6 + 6 3 x 6 + x 6 x 6 = l + 26 8 + 6 8 . 

So by (2) and (1) and 3) in Lemma 8.2: 

x 6 x 6 = 1 + 6 8 + x + y + z + w. (4) 
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By the associative law (a^g)^ = (2:663)68 and 3) in Lemma 18.21 and 2) in 
Lemma 18.31 : 

2x1563 + 6363 + x 6 6 3 + X963 = &g + xi 6 8 , 
then by 3) in Lemma 18.21 and equations (1) and (2) we have 

2xio + 26 8 + 2x + 2y + 2z + 2w + 1 + 6 8 + 6 8 + x 10 + x 9 6 3 
= 1 + 26 8 + 2xio + x + y + z + w + xi 6 8 , 

so 

26 8 + xio + X963 + x + y + z + w = xi 6 8 . (5) 

By the associative law (xg)63 = X6(x66s) and 7) in Lemma 18.31 and 3) in 
Lemma 18. 2\ we get 26 6 6 3 + yi 5 6 3 + y 9 6 3 = x 6 6 8 + x 6 xi . Then So by 1) 
in Lemma 18.21 and 2), 4) in Lemma 18.31 and 5) in Lemma 18.51 we have 
equation: 

26 3 + 2X15 + 2x15 + x 6 + x 9 + d 3 + X15 + X 9 = 2X15 + 63 + x 6 + X 9 + Xi X 6 , 
so 

63 + 3xi5 + d 3 + x 9 = xi x 6 . (6) 

By the associative (xe63)xio = 63(x6Xio) and 3) in Lemma 18.21 : we get 
6 8 xio + xf = 6363 + 3x1563 + 0(363 + x 9 63. Then by (3) and Hypothesis 18.11 
and (1) and 5) in Lemma 18.51 it follows that 

26 8 + xio + x 9 6 3 + x + y + z + w + x\ 
= 1 + 6 8 + 3xio + 36 8 + 3x + 3y + 3z + 3w + zg + x 9 63. 

Hence 

x 2 1Q = 1 + 26 8 + 2xio + z 9 + 2x + 2y + 2z + 2w. (7) 

By 13) and 14)in Lemma 18.51 one has that (d 3 d 3 , 6|) = (d 3 bs, d 3 bg) = 
2, hence we get by (2) that (6g, c 8 ) = 1. Without loss of generality, say 
x = c 8 . By (4) and (7), it holds that 11 < (xf Q , x§xq) = (xioX6, xioxe). 
But by (6), (xioX6, xioxg) = 12 holds, thus we may assume y = z 9 . By (1) 
, (63a, X15) = (a, 63X15) = 1 holds, where a G {x, y, z, w}. So |a| > 5. 
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Hence z = 65 and w = C5. Hence by equations (1), (3), (4), (5), (6) and (7), 
we come to 



£15^3 



xio + b 8 + c 8 + z 9 + b 5 + c 5 



bj = 1 + 2b 8 + 2xio + c 8 + z 9 + 65 + c 5 , 

b\ = 1+&8 + C8 + z 9 + b 5 + c 5 , 

x 6 x 6 = 1 + b 8 + c 8 + z 9 + 65 + c 5 , 

x? = 1 + 26 8 + 2xio + 3z 9 + 2c 8 + 2b 5 + 2c 5 , 

b 8 x w = 2b 8 + xio + X963 + c 8 + z 9 + b 5 + c 5 . 



So by the associative law (63X5)03 = xgf^cs) and 1), 2) in Lemma 18.11 and 
3), 5) in Lemma 18.21 : 



l + 6 8 + c 3 yi 5 = b 8 + xio + 1 + b 8 + c 8 + z 9 + 65 + c 5 , 
C3V15 = xio + b 8 + c 8 + z 9 + 65 + c 5 . 

So (c 3 6 5 , yi 5 ) = (65, c 3 yi 5 ) = 1, (c 3 c 5 , j/15) = (2/1503, c 5 ) = 1, hence 



Lemma 8.7. Lei (A, i?) satisfy Hypothesis 18.11 and (6 8 &3, b 8 bs) = 3 , 
f/ien Lemma 18.61 hold and we get the following : 

1) b 3 z 9 = x 9 + d 3 + X15, 

2) X963 = z 9 + xio + c 8 , 

3) b 8 x 10 = 2b 8 + 2xio + 2z 9 + 2c 8 + 65 + c 5j 
^ b 3 c 8 = X 9 + X15, 

5j d 3 x 6 = xio + c 8 , 
(Jj d 3 6 6 = d 3 + xi 5 , 
V d 3 c 8 = xi 5 + x 6 + d 3 , 
#j 2/3^3 = x 6 + d 3 , 
9) d 3 x 6 = J/15 + y 3 . 

Proof. By the associative law (63)^3 = b 3 {b 3 d 3 ) and 6), 4) in Lemma 18.51 
and Hypothesis [8TT1 we get c 3 d 3 + b^d 3 = b 3 z 9 . Then by 1), 6) in Lemma 
I8.5l it follows that xg + cfo + xis = 63^9(1). Then (63X9, z 9 ) = {b 3 z 9 , x 9 ) = 1. 



c| + c 3 yi 5 



63^6 + XqXq 



C3&5 = 2/15, C3C5 = y 15 . 



□ 
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And by 1) in Lemma 18. 3| (X963, x\q) = (63X10, x 9 ) = 1 holds. It follows 
by 4) in Lemma 18.51 and 1) in Lemma 18.11 and Hypothesis 18.11 that 

(x 9 6 3 , x 9 b 3 ) = (x 9 x 9 , b 3 b 3 ) = (x 9 x 9 , c§) = (x 9 c 3 , xgc 3 ) = 3. Hence 

Xgb 3 = Zg + Xio + d S . (2) 

By 1) and 5) in Lemma 18.61 we get 

^io) = 18 = (hxio, bgxio). (3) 

By 7) in Lemma 18.61 and equation (2), we have 6 8 xio = 26s + 2xio + 2z 9 + 
cs + &5 + C5 + ds, then by (3) we get that c 8 = d$, so 

6 8 xio = 2b 8 + 2xio + 2z 9 + 2c 8 + 6 5 + c 5 . (4) 

Now we have (6 3 c 8 , x 9 ) = (6 3 x 9 , c 8 ) = 1 by (2) and (b 3 c s , x 15 ) = (b 3 x 15 , c 8 ) = 
1 by 2) in Lemma 18.61 so 

6 3 c 8 = x 9 + xi 5 . (5) 

By the associative law ^3(0363) = (^303)63 and 1) in Lemma 18.51 and 2) in 
Lemma l8.1l and equation (2) we see that ^3(0363) = (1^3 03)63, ^363+^3X6 = 
x 9 &3 = zg + xio + c 8 . Hence by 14) in Lemma 18.51 we have 

d 3 x Q = xio + c 8 . (6) 

By the associative law (63)^3 = (b 3 d 3 )b 3 and 14) in Lemma 18.51 and equa- 
tion (1) and Hypothesis 18. 1\ it follows d 3 c 3 + d 3 b% = zgb 3 = xg + d 3 + X15. 
Hence by 1) in Lemma 18.51 it holds: 

d 3 b G = d 3 + X15. (7) 

By the associative law (d 3 d 3 )d 3 = d 3 (d^) and 12) and 13) in Lemma 18.51 
we have d 3 + d 3 c s = b 6 d 3 + y 3 d 3 , and get d 3 c 8 = x 15 + y 3 d 3 by (7) and 
(d 3 c 8 , x 6 ) = (d 3 x 6 , c 8 ) = 1 by (6). By 12) in Lemma [8751 (d 3 c 8 , d 3 ) = 
(c 8 , d 3 d 3 ) = 1 holds, hence 

d 3 c s = xi 5 + x 6 + d 3 . (8) 
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Therefore 



y 3 d 3 = x 6 + d 3 . 



0) 



Moreover (d 3 XQ, y 3 ) = (xq, d 3 y 3 ) = 1, and by 11) in Lemma 18.51 it follows 



Lemma 8.8. Let (A, B) satisfy Hypothesis 18.11 and (bgb 3 , bgb 3 ) = 3 , 
then Lemma 18.71 hold and we get the following : 

1) x 9 b 3 = y 9 + 1/15 + y 3 , 

2) Xgd 3 = J/15 + c 3 + J/9, 

3) x 15 d 3 = 2/15 + 2/6 + 2/9, 

^ c 8 6 6 = 22/15 + 2/3 + 2/9 + ^6, 

5J z 9 6 6 = 22/15 + 22/ 9 + &6, 

6) x 10 b 6 = 32/15 + 2/3 + c 3 + 2/9, 

2/3&6 = c 8 + Xio, 
8) d 3 x 15 = b 8 + z 9 + 6 5 + c 5 + xio + c 8 , 

2/15&6 = 26 8 + 3xio + 2z 9 + 2c 8 + 65 + c 5 , 
iOj 2/9^6 = ^8 + 22:9 + b 5 + c 5 + X10 + c 8 , 
lij X15X15 = 56 8 + 6x10 + GZ9 + 5c 8 + 36 5 + 3c5 + 1, 

12) b 6 b 5 = 2/15 + 2/9 + ^6, 

13) b 3 y 3 = x 9 

Proof. By the associative law d 3 (c 3 b 3 ) = (^303)63 = X9&3 and 1) in Lemma 
18.51 and 2) in Lemma 18.11 we have that d 3 b 3 + d 3 XQ = x 9 b 3 and by 3) in 
Lemma 18.51 that 2/9 + d 3 x§ = X963. At last, we come to 



by 9) in Lemma 18.71 

By the associative law 63(0^3) = d 3 (b 3 cs) and 4), 7) in Lemma 18.71 
we get X15&3 + 63X6 + 631^3 = xgd 3 + x^d 3 , and by 5) in Lemma 18.21 
and 3) in Lemma 18.51 and 8) in Lemma 18.31 we get 22/15 + b§ + 2/9 + 
C3 + 2/15 = x 9 d 3 + xi 5 d 3 , x 9 d 3 + xi 5 d 3 = ?>y 15 + 2y 9 + b 6 + c 3 . Now from 
10, 11), 1) in Lemma 18.51 we see that (xg<ig, c 3 ) = (xg, d 3 c 3 ) = 1 and 
(xgd 3 , 2/15) = (xg, d 3 y 15 ) = 1 and (x 9 d 3 , b 6 ) = (x 9 , d 3 b 6 ) = 0, hence 
xgcfe = 2/15 + c 3 + 2/9(2), which gives 



that (d 3 x 6 , 2/15) = 1, so d 3 x 6 = 2/15 + 2/3- 



□ 



X9&3 = 2/9 + 2/15 + 2/3 



(1) 



xi 5 d 3 = 2yi5 + 2/9 + V 



(3) 
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By the associative law (d 3 d 3 )bs = ^3(^3^6) an d 6), 12) in Lemma 18.51 one 
2 

has that b§ + cgb^ = d 3 + 0(3X15. And by (3) and 13) in Lemma 18. 5 \ we get 

^6 + c 8 b 6 = b 6 + y 3 + 2yi 5 + y 9 + 6 6 , hence 

c 8 6 6 = 2yi5 + V3 + 2/9 + b 6 . (4) 

By the associative law (d 3 b 3 )bs = d 3 (b 3 bQ) and 1) in Lemma 18.21 and 3) 
and 16) in Lemma 18. 5| we obtain z 9 b% = d 3 b 3 + 0(3X15, and hence by (3) 
and 3) in Lemma 18. 5( we have 

z 9 b 6 = 2yi 5 + 2y 9 + b 6 . (5) 

By the associative law (x§b§)d 3 = b§{x§d 3 ) and 5) in Lemma 18.31 and 5) in 
Lemma 8.7, we have 2x6^3 + ^15^3 + x 9 d 3 = x\$b§ + cgbe. Then by 9) in 
Lemma 18.71 and equations (2), (3) and (4) it follows that 

2yi5 + 2y 3 + 2yi5 + yg + h + y 15 + c 3 + y 9 = x w b 6 + 2y 15 + y 3 + y 9 + be- 
Hence 

^10^6 = 3yi 5 + y3 + c 3 + 2/8- (6) 

Now we have by (4) (y 3 b e , c 8 ) = (y 3 , b 6 c 8 ) = 1, (y 3 b 6 , x w ) = (y 3 , b e x w ) = 
1 by (4) and (6), from which we get 

2Z3&6 = c 8 + xiq. (7) 

By the associative law (d 3 )bQ = d 3 (d 3 bQ) and 15) in Lemma 18.51 and 6) in 
Lemma 18. 7| we get b\ + y 3 b§ = d 3 d 3 + xisaV Moreover by 14) in Lemma 
18.51 and 3) in Lemma 18.61 and equation (7) we have 

1 + 6 8 + z 9 + c 8 + 65 + c 5 + xiq + c 8 = 1 + c 8 + x 15 d 3 , 

b 8 + z 9 + b 5 + c 5 + x w + c 8 = xi 5 d 3 . (8) 
By the associative law and 5) in Lemma 18.21 and 5) in Lemma 18.31 : 

h(x6b e ) = b 6 (b 3 x 6 ),2x 6 b 3 + xi 5 b 3 + x 9 b 3 = b 6 c 3 + yi5»6, 

By 2) in Lemma 18.71 and 2) in Lemma 18.61 and 3) in Lemma 18.21 : 

26 8 + 2xio + xw + b 8 + z 9 + c 8 + b 5 + c 5 + x w + z 9 + c 8 = b 8 + x w + yi 5 o 6 , 
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2/15&6 = 26 8 + 3xio + 2z 9 + 2c 8 + 65 + c 5 . (9) 
By 3) in Lemma 18.51 and 1) in Lemma 18.21 : 

(^6)^3 = (M3)fy3 = 2/9&6,M3 +xi 5 d 3 = y 9 6 6 , 
by 16) in Lemma 18.51 and (8) 

b 8 + 2z 9 + b 5 + c 5 + xi + c 8 = y 9 b 6 . (10) 
By the associative law and 8) in Lemma 18.31 and 1) in Lemma 18.21 : 

(&3&6)zi5 = h(b 3 x 15 ),b 3 x 15 + x 15 x 15 = 2y 15 b 6 + bj + y 9 b 6 , 
so by (10), (9) and 2), 3) in Lemma [Ml 

xio + b 8 + z 9 + c 8 + b 5 + c 5 + X15X15 = 46 8 + 6xi + 4z 9 + 4c 8 + 2c 5 + 1 + b 8 + z 9 

+c 8 + b 5 + c 5 + b 8 + 2z 9 + C 8 + Xio + b 5 + c 5 , 
X15X15 = 1 + 56 8 + 6x10 + 6z 9 + 5c 8 + 36 5 + 4c 5 , 

By (9) and (10), we get 

(b e b 5 , 2/9) = (b 6 y 9 , 65) = 1, (& 6 & 5 , y 15 ) = (65, yi 5 6 6 ) = 1 
and by (3) 

(b 5 b 6 , b 6 ) = (b 5 , bl) = 1, 

so 

= 2/9 + 2/15 + &6- 

By (i) 

(632/3, x 9 ) = (63x9, 2/3) = 1, 

then 63 y 3 = x 9 . □ 

Lemma 8.9. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 8 b 3 ) = 3 , 
then lemma 8 hold and we get the following: 

1) 2/9^3 = h + ^15 + xg, 

2) z 9 d 3 = b 3 +X15 + x 9 , 

3) z 9 y 9 = 3yi 5 + 26 6 + 2y 9 + c 3 + y 3 , 
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4) c 8 b 8 = 2xio + 2z 9 + b 8 + c 8 + b 5 + c 5 , 

2/9C3 = + xio + eg, 
6^ ^15^6 = 26 8 + 3xio + 2z 9 + 2c 8 + 65 + c 5 , 
7) xi d 3 = xi 5 + x 6 + x 9 , 
<SJ d 3 x 9 = xio + 6 8 + z 9 , 

9) V3V9 = z 9 + b 8 + xio, 

10) b 6 y 9 = 2z 9 + b 8 + x w + 65 + c 5 + c 8 , 
ii; xf 5 = 9yi 5 + 46 6 + 6y 9 + 2c 3 + 2y 3 , 
12) xi 5 x 6 = c 3 + 4yi 5 + b 6 + 2y 9 + y 3 

Proof. : By the associative law and 13), 3) in Lemma 18.51 

(M 3 )d 3 = {b 3 d 3 )d 3 = 6 3 (d|), y 9 (f 3 = 6 6 6 3 + y 3 6 3 , 
then by 1) in Lemma 18.21 and 13) in Lemma 18.81 , 

2/9^3 = b 3 + X15 + X 9 . 

By the associative law and 16) , 15) in Lemma 18.51 : 

(^3)^3 = {d 3 b 3 )d 3 , b e b 3 + y 3 b 3 = z 9 d 3 , 

then by 13) in Lemma 18.81 and 1) in Lemma 18. 2| 

z 9 d 3 = b 3 + xi 5 + x" 9 

By 16) in Lemma 18.51 and (1) : 

(b 3 d 3 )y 9 = z 9 y 9 = (d 3 y 9 )b 3 = b 2 3 + xi 5 6 3 + x 9 6 3 , 

by 8) in Lemma 18.31 and Hypothesis 18.11 and 1) in Lemma 18.81 : 

c 3 + b 6 + 2y 15 + b e + y 9 + y 9 + y 15 + y 3 = z 9 y 9 , 

3yi 5 + 2b e + 2y 9 + c 3 + y 3 = z 9 y 9 . 
By the associative law and Hypothesis 18.11 and 4) in Lemma 18.71 

(b 3 h)c 8 = b 3 (b 3 c 8 ), c 8 + c 8 b 8 = x 9 b 3 + X1563, 
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then by 2) in Lemma 18.71 and 2) in Lemma 18.61 

c 8 b 8 = 2xio + 2^9 + 6 8 + c 8 + b 5 + c 5 . (4) 

By the associative law and 2) in Lemma 18.11 and 3) in Lemma 8.5: 

(b 3 c 3 )d 3 = (b 3 d 3 )c 3 ,b 3 d 3 + x 6 d 3 = y 9 c 3 , 

then by 16) in Lemma 18.51 and 5) in Lemma 18.71 : 

y 9 c 3 = z 9 + xio + c 8 . (5) 

By the associative law and 7) in Lemma 18.31 and 4) in Lemma 18.21 : 

0e) c 3 = x 6 (x 6 c 3 ), 2b G c 3 + yi 5 c 3 + y 9 c 3 = b 3 x 6 + x 15 x 6 , 

then by (5) and 3) in Lemma 18.21 and 8)in Lemma 18.61 : 

26 8 + 2xio + £io + b 8 + z 9 + c s + b 5 + c 5 + z 9 + x 10 + c 8 = b 8 + xi + xi 5 x 6 , 

xi 5 x 6 = 26 8 + 3xio + 2z 9 + 2c 8 + b 5 + c 5 . (6) 
By associative law , 9) in Lemma 18.71 and 3) in Lemma 18.21 : 

(x 6 b 3 )d 3 = (x 6 d 3 )b 3 , b 8 d 3 + xio^ = y 15 b 3 + y 3 b 3 , 

then by 4) in Lemma 18.31 and 13) in Lemma 18.81 

b 8 d 3 + xiod 3 = 2xi5 + x 6 + x 9 + x 9 , 

by 13) in Lemma 18.51 

X 10 d 3 = X i5 + X 6 + Xg. (7) 

So 

(d 3 Xg, Xio) = (d 3 Xi , X 9 ) = 1, 

and by 13) in Lemma 18.51 , 

(d 3 x 9 , b 8 ) = (d 3 b 8 , Xg) = 1 



143 



and by (2) 

{d 3 Xg, Zg) = (d 3 Zg, Xg) = 1, 

so 

d 3 Xg = X W +bg + Zg. (8) 

By the associative law and 15) in Lemma 18.51 and (1) : 

(d§)yg = d 3 (d 3 y 9 ), b e yg + y 3 yg = b 3 d 3 + xi 5 d 3 + xgd 3 , 
then by 16) in Lemma 18.51 and (8) and 8) in Lemma 18.81 : 

&62/9 + 2/32/9 = Zg + b 8 + Zg + 6 5 + C 5 + X W + C 8 + XlO + b 8 + Zg, 

hyg + 2/32/9 = 3z 9 + 26 8 + b 5 + c 5 + c 8 + 2xi . 
by 5), 6) in Lemma 18.81 and 9) in Lemma 18.31 : 

(>62/9, fa) = (2/9, Ms) = 1, (>62/9, Zio) = (2/9, Mio) = 1, 062/9) Zg) = (j/g, Zg6 6 ) = 2, 

hence 

2/32/9 = zg + 6 8 + xi . (9) 

therefore 

fayg = 2z 9 + b 8 + xio + b 5 + c 5 + c 8 . (10) 
By the associative law and 10) in Lemma 18.51 and 1) in Lemma 18.21 

(6 6 6 3 )xi 5 = b 3 (b 6 x 15 ), b 3 x 15 + x\ h = 4x 15 b 3 + x 6 b 3 + 2x g b 3 + b\ + d 3 b 3 . 

by 8) in Lemma 18.31 and 5) in Lemma 18.21 and 1) in Lemma 18.81 and 
Hypothesis 18.11 and 3) in Lemma 18.51 

x?5 = 62/i5+3&6+32/9+C3+2/i5+22/9+22/i5+22/3+C3+fr6+2/9,^i5 = 9yi5+46 6 +62/ 9 +2c3+2y 3 . 
By the associative law and 5) in Lemma 18.31 and 1) in Lemma 18.21 : 

{x 6 b 6 )b 3 = x 6 (b 6 b 3 ), 2x 6 b 3 + x 15 b 3 + xgb 3 = b 3 x 6 + x 15 x 6 , 
then by 5) in Lemma 18.21 and 8) in Lemma 18.31 and 1) in Lemma 18.81 : 

2c 3 +2yi5+2yi5+6 6 +yg+yi5+y 3 = c 3 +yi 5 +xi 5 x 6 , x 15 x 6 = c 3 +4yi 5 +b 6 +2y 9 +y 3 . 

□ 
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Lemma 8.10. Let(A, B) satisfy Hypothesis 18.11 and (6363, b 8 b 3 ) = 3, 
then Lemma 18.91 hold and we get the following : 

1) 2/3C3 = z 9 , 

2) 29C3 = y 9 + yx 5 + y 3 , 

3) 2/3^8 = 2/9 + 2/15, 

4) z 9 b 8 = 2z 9 + 2xio + 2c 8 + 6 8 + 65 + c 5 , 

5) zl = 1 + 2xio + 2^9 + 2b 8 + 2c 8 + b 5 + c 5 , 

6) c| = 1 + 2c 8 + 2xio + h + z 9 + 65 = c 5 , 

7) c 8 c 3 = 2/15 + l/g, 

x^ = 2b 6 + 3yi 5 + 2y 9 + 2/3 + c 3 , 

c 8 y 3 = fe 6 + 7/3 + 2/15, 
^ X102/3 = ^6 + 2/3 + 2/15, 
^ 4^3 =S 3 +X 6 , 

X 6 7/ 3 = d 3 + X15, 
13) X 15 y 3 = 2xi5 + Xq + Xg. 

Proof. :By the associative law and Hypothesis 18.11 and 13) in Lemma 



2/3(&!) = ^3, 2/3C3 + 2/3^6 = 

then by 2) in Lemma 18.71 

2/3C3 + 2/3^6 = Z 9 + Xio + C 8 , 

then by 7) in Lemma 18.81 

2/3C3 = 29. (1) 
By 1), 16) in Lemma 18.51 and the associative law and 1) in Lemma 18.81 

b 3 {c 3 d 3 ) = {b 3 c 3 )d 3 = (b 3 d 3 )c 3 = z 9 c 3 , b 3 x 9 = z 9 c 3 , 

then 

z 9 c 3 = 2/9 + 2/15+2/3- (2) 
So by (1) and 1) in Lemma 18.11 and the associative law : 

2/3(c 3 ) = z 9 c 3 ,y 3 + y 3 b 8 = y 9 + 2/15 + 2/3, 
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Thus 

ysb 8 = yg + 2/15- (3) 
By (2) and the associative law and 1) in Lemma 18.11 

^9(c|) = 2/9C3 + 2/15C3 + 2/3C3, 29 + z 9 b 8 = 2/9C3 + 2/15C3 + 2/3C3, 
so by (1) and 8) in Lemma 18.61 and 5) in Lemma 18.91 : 

z 9 + z 9 b 8 = Z 9 + X10 + C 8 + X10 + b 8 + C 8 + Z 9 + 65 + C 5 + Zg, 

z 9 6 8 = 2z9 + 2xio + 2c 8 + 6 8 + 6 5 + C5. (4) 
By 17) in Lemma 18.51 and 1) in Lemma 18.11 and (1) : 

2/I C 3 = Z 9> (! + csX 1 + M = 4> 1 + & 8 + c 8 + c 8 6 8 = 4, 
by 4) in Lemma 18.91 

4 = l + 2xio + 2z 9 + 26 8 + 2c 8 + 65 + eg. (5) 
By the associative law and 14) in Lemma 18.51 and 7) in Lemma 18.71 

(d 3 d 3 )c 8 = d 3 (d 3 c 8 ),c 8 + c 8 = d 3 x 15 + x 6 d 3 + d 3 d 3 , 
then by 5) in Lemma 18.71 and 8) in Lemma 18.81 : 

c 8 + c 8 = b 8 + z 9 + 65 + c 5 + xio + c 8 + xio + c 8 + 1 + c 8 , 

= l + 2c 8 + 2xi + 6 8 + Z9 + fe5 + c 5 . (6) 
By 1), 12) in Lemma 18.51 and the associative law : 

d 3 (d 3 c 3 ) = c 3 + c 8 c 3 ,d 3 x 9 = c 3 + c 8 c 3 , 

then by 2) in Lemma 18.81 

c 8 c 3 = 2/15 + J/g. (7) 

By the associative law and 13) in Lemma 18.81 and 17) in Lemma 18.51 and 
Hypothesis 18.11 

= ^9> ( c 3 + M(l + c s) = X91 c 3 + b e + c 3 c 8 + b 6 c 8 = Xg, 
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then by (7) and 4) in Lemma 18.81 : 

C3 + h + yi 5 + y 9 + 2yi 5 + 2/3 + 2/9 + &6 = xj, x\ = 2b 6 + 3yi 5 + 2y Q + y 3 + c 3 . 
By the associative law and 4), 7) in Lemma 18.81 and 17) in Lemma 18.51 

(y 3 )h = y^{Vib&)M + csb & = c 8 y 3 +x 10 y 3 ,2y 15 + y 3 + y 9 + 2b G = c 8 y 3 + x w y 3 , 

by 9) in Lemma l8.9l 4) in Lemma l8.8l and 15) in Lemma l8.5l (c 8 y 3 , b§) = 
(2/3) c 8 b e ) = 1, (c 8 y 3 , y 3 ) = (c 8 , yf ) = 1, (c 8 y 3 , y 9 ) = (c 8 , y 3 y 9 ) = 0. So 

c 8 y 3 = b 6 +y 3 + y 15 , (9) 

then 

^102/3 = ^6 + 2/9 + 2/15- (10) 
By the associative law and 8) in Lemma 18.71 and 17) in Lemma 18.51 

(y 3 )d 3 = y 3 {y 3 d 3 ),d 3 + d 3 c 8 = x e y 3 + d 3 y 3 , 



by 7) in Lemma 18.71 2d 3 + X15 + xq = x%y 3 + d 3 y 3 , by 15) in Lemma 18.51 



, (d 3 y 3 , d 3 ) = (df, y 3 ) = 1. So 



^32/3 = d 3 + x 6 , (11) 

then 

^62/3 = ^3 + X15. (12) 
By the associative law and 6) in Lemma 18.71 and 7) in Lemma 18.81 

(d 3 b 6 )y 3 = d 3 (y 3 b 6 ),d 3 y 3 + xi 5 y 3 = c 8 d 3 + x w d 3 , 

then by 7) in Lemma 18.91 and 7) in Lemma 18.71 and (11): 

d 3 + x 6 + x 15 y 3 = X15 + x 6 + d 3 + x 15 + x 6 + x 9 , 2/152/3 = 2x 15 + x e + x 9 . 

□ 
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Lemma 8.11. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 8 b 3 ) = 3, 
then Lemma 18.101 hold and we get the following : 

(1) z 9 x w = 3xio + 2b 8 + 2z 9 + 2c 8 + 65 + c 5 , 

(2) z 9 c 8 = 2x w + 2b 8 + 2z 9 + 65 + c 5 + c 8 , 
f3j c 8 xio = 2xio + 2c 8 + 26 8 + 2z 9 + b 5 + c 5 , 

(4) yl = l + 2z 9 + 2b 8 + 2c 8 + 2xio + h + c 5 , 

(5) x 9 c 8 = 3xi5 + x 6 + 2x 9 + b 3 , 

(6) x 9 y 3 = 63 + Xg + X15, 

(7j xgxg = 1 + 26 8 + 2xio + 2c 8 + 2z 9 + 65 + c 5 , 
fSj xgyg = d 3 + 3xi5 + 2x 9 + 63 + 2x 6 , 
zgy 3 = yg + c 3 + yi5, 

fi0) XgZg = 3xi 5 + 2x 9 + 2x 6 + 63 + ^3. 

Proof. : By the associative law and 7) in Lemma 18.91 and 16) in Lemma 
EE: 

(6 3 d 3 )xio = 63(^3x10), zgxio = X1563 + x 6 63 + x 9 b 3 . 
Then by 2) in Lemma 18.61 and 3) in Lemma 18.21 and 2) in Lemma 18.71 

ZgXio = X10 + b 8 + C 8 + Z 9 + 65 + c 5 + b 8 + X10 + Z 9 + X10 + c 8 , 

zgxio = 3xio + 26 8 + 2z 9 + 2c 8 + 65 + c 5 . (1) 
By the associative law and 16) in Lemma 18.51 and 7) in Lemma 18.71 

(Ms)c 8 = b 3 (d 3 c 8 ), z 9 c 8 = X1563 + x 6 6 3 + d 3 b 3 , 

then by 2) in Lemma 18.61 and 3) in Lemma 18.21 and 16) in Lemma 18.51 

we get z 9 c 8 = xio + b 8 + c 8 + z 9 + 65 + C5 + b 8 + xio + z 9 and 

z 9 c 8 = 2xio + 26 8 + 2z 9 + 65 + c 5 + c 8 . (2) 
By the associative law and 7) in Lemma 18.91 and 14) in Lemma 18.51 : 

(d 3 d 3 )x 10 = d 3 (d 3 x 10 ), xio + c 8 xi = d 3 xi 5 + d 3 x 6 + d 3 x 9 , 

then by 5) in Lemma 18.71 and 8) in Lemma 18.81 and 8) in Lemma I8.9[ it 

follows that xio + c 8 xio = 6 8 + z 9 + 65 + c 5 + xio + c 8 + xi + c 8 + xi + b 8 + z 9 
and 

c 8 xio = 2xio + 2c 8 + 26 8 + 2z 9 + 65 + c 5 . (3) 
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By the associative law and 3), 15) in Lemma 18.51 and Hypothesis 
18. H one has 

b^dl = 2/g, (C3 + b e )(b e + Vz) = 2/g, c 3 6 6 + c 3 y 3 + 6g + b 6 y 3 = yf, 

then by 3) in Lemma 18. 2l and 1) in Lemma l8.10l and 3) in Lemma l8.6l and 
7) in Lemma[878}ve have y\ = bs+xi +zg + l+bs+zg+cs+b 5 +c 5 +cs+xi , 
so 

y$ = l + 2z 9 + 2b 8 + 2c 8 + 2x w + b 5 + c 5 . (4) 
By the associative law and 13) in Lemma 18.81 and 9) in Lemma 18. 101 : 

(632/3)03 = b 3 (y 3 c 8 ),x 9 c$ = b e b 3 + y 3 b 3 + yi 5 6 3 , 

then by 13) in Lemma 18.81 and 1) in Lemma 18.21 and 4) in Lemma 
I8.31 xqc« = b 3 + Sis + x 9 + 2xi 5 + ^6 + %g and 

xgc 8 = b 3 + 3xi5 + 2x 9 + x 6 . (5) 

By the associative law and 13) in Lemma 18.81 and 17) in Lemma 18.51 : 

(2/ 3 )6 3 = 2/3(2/363), ^3 + c 8 b 3 = x 9 y 3 , 

then 4) in Lemma 18.71 

X9V13 = b 3 + x 9 + 215. (6) 
By the associative law and 13) in Lemma 18.81 and (6) : 

(632/3)^9 = 63(2/3^9), ^9^9 = 6 3 6 3 + hxg + b 3 x 15 , 
then by Hypothesis 18.11 and 2) in Lemma 18.71 and 2) in Lemma 18.61 : 

XgXc, = 1 + b 8 + Zg + X W + C 8 + X W + b 8 + C 8 + Zg + 65 + C 5 , 

x 9 x 9 = 1 + 26 8 + 2x 10 + 2xio + 2c 8 + 2z 9 + 6 5 + c 5 . (7) 
By the associative law and 13) in Lemma 18.81 and 9) in Lemma 18.91 : 

(632/3)2/9 = 63(2/32/9), £92/9 = 2963 + b 8 b 3 + xi 6 3 , 

149 



then by 1) in Lemma 18.71 and 2) in Lemma 18.21 and 1) in Lemma 18.31 



xgyg = x 9 + d 3 + xi 5 + x 6 + b 3 + xi 5 + x 15 + x 6 + x 9 = 2x 9 + 3xi5 + 2x 6 + d 3 + 6 3 . 

(8) 

By the associative law and 16) in Lemma 18.51 and 11) in Lemma 18. ID : 

(^3^3)2/3 = (d 3 y 3 )b 3 , zgV3 = d 3 b 3 + x 6 b 3 , 
then by 3) in Lemma 18.51 and 5) in Lemma 18.21 

292/3 = V9 + c 3 + yi5- (9) 
By the associative law and 13) in Lemma 18.81 and (9) : 

(z 9 y 3 )b 3 = z 9 (y 3 b 3 ),y 9 b 3 + c 3 b 3 + yi 5 b 3 = z 9 x 9 , 
then 5) in Lemma 18.51 and 2) in Lemma 18.111 and 4) in Lemma 18.31 : 

z 9 x 9 = d 3 +x 9 +x 15 +b 3 +x 6 +2xi 5 +XQ+x 9 = 3x 15 +2x 9 +2xQ+b 3 +d 3 . (10) 

□ 

Lemma 8.12. Let (A, B) satisfy Hypothesis 18.11 and {b%b 3 , bsb 3 ) = 3, 
then Lemma 18.11 hold and we get the following : 

(1) xi 5 c 8 = 5xi5 + 2x 6 + 3x 9 + b 3 + d 3 , 

(2) X15X9 = 6yi 5 + 3y 9 + 2b 6 + c 3 + y - 3, 

(3) X9X15 = 36 8 + 4xio + 3z 9 + 3c 8 + 26 5 + 2c 5 , 

(4) X15V15 = 4x 6 + 9xi5 + 6x9 + 26 3 + 2d 3 , 

( 5) xi 5 y 9 = 6x15 + 2x 6 + 3x 9 + b 3 + d 3 , 

( 6) x 9 x 6 = 2z 9 + X10 + b 8 + c 8 + 65 + c 5 , 

(7) x 6 x 9 = 2y 9 + 2zi 5 + h, 

(8) x 6 y 9 = 2x15 + 2x 9 + x 6 , 

(9) x 6 z 9 = 2X15 + 2x 9 + Xq, 

(10) X 6 C 8 = 2X15 + Xq + X 9 + d 3 , 

(11) 2/152/9 = 4xio + 36 8 + 3z 9 + 3c 8 + 2c 5 + 26 5 . 
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Proof. : By the associative law and 6) , 7) in Lemma 18.71 : 

(g? 3 & 6 )c 8 = b e (d 3 c 8 ), 
d 3 c 8 + xi 5 c 8 = xi5& 6 + x 6 6 6 + d 3 b G , 

then by 7) in Lemma 18.71 and 6), 10) in Lemma 18.51 . 5) in Lemma 18.31 : 

xis + x 6 d 3 + xi 5 c 8 = 4xi5 + xq + 2x 9 + b 3 + d 3 + 2x 6 + x 15 + x 9 + d 3 + x 15 , 

xi 5 c 8 = 5xi5 + 2x 6 + 3x 9 + h + 5 3 . (1) 
By the associative law and 8) in Lemma 18.91 and 6) in Lemma 18.71 : 

(d 3 b 6 )x 9 = b 6 (d 3 x 9 ),d 3 x 9 + xi 5 x 9 = xi 6 6 + 6 8 6 6 + z 9 b 6 , 

then by and 9) in Lemma 18.31 and 2), 5), 6) in Lemma 18.81 : 

2/15 + C3 + 2/9 + xi 5 xg = 3yi5 + y3 + c 3 + y 9 + 2y 15 + b e + c 3 +y 9 + 2y 15 + 2y 9 + b 6 , 

X15X9 = 61/15 + 3y 9 + 2b 6 + c 3 + y 3 . (2) 
By 13) in Lemma 18.81 and 13) in Lemma 18.101 : 

M2/3X15) = (^32/3)xi5 = X9X15, 2X1563 + X 6 6 3 + X 9 b 3 = X9X15. 

and 2) in Lemma 18.71 and 3) in Lemma 18.21 and 2) in Lemma 18.61 : 

2xio + 26 8 + 2c 8 + 2z 9 + 26 5 + 2c 5 + b 8 + xi + z 9 + xi + c 8 = x 9 xi 5 , 

X9X15 = 36 8 + 4xio + 3^9 + 3c 8 + 26 5 + 2c 5 . (3) 

By 11), 12) in Lemma 18.91 and by (2) and 8) in Lemma 18.31 and 3) in 
Lemma 18.81 : 

(xi52/i5, x 6 ) = (xi 5 x 6 , y 15 ) = 4, (xi 5 yi 5 , x 15 ) = (xj 5 , y 15 ) = 9, 
(xi52/i5, x 9 ) = (xi 5 x 9 , y 15 ) = 6, (xi 5 yi 5 , 63) = (xi 5 6 3 , y 15 ) = 2, 
(X152/15, ^3) = (xi5~d 3 , j/15) = 2. 

Then 

X152/15 = 4x 6 + 9xi5 + 6x9 + 2b 3 + 2d 3 . (4) 
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By (2) and 11), 12) in Lemma [879] and 8) in Lemma 18.31 and 3) in Lemma 

ES 

(x 15 y 9 , x 15 ) = (yg, xj 5 ) = 6, (x 15 y 9 , x G ) = (xi 5 x e , yg) = 2, 

{x X5 yg, xg) = (x X c,xg, yg) = 3, {x 15 y 9 , b 3 ) = (x 15 b 3 , yg) = 1, 
(xi 5 yg, d 3 ) = (xi 5 d 3 , y 9 ) = 1. 

Then 

£153/9 = 6x15 + 2x 6 + 3x 9 + b 3 + d 3 . (5) 
By the associative law and 13) in Lemma 18.81 and 12) in Lemma 18.101 

63(2/3X6) = {b 3 y 3 )x 6 = x 9 x 6 , 

M3 + 63X15 = X 9 X 6 , 

then by 16) in Lemma 18.51 and 2) in Lemma 18.61 

2z 9 +X10 + b 8 + C 8 + 65 + c 5 = x 9 x 6 . (6) 
By the associative law and 13) in Lemma 18.81 and 12) in Lemma 18.101 

63(2/3X6) = x 9 x 6 , M3 + X1563 = x 9 x 6 , 
so by 3) in Lemma 18.51 and 8) in Lemma 18.31 

x 6 x 9 = 2y 9 + 2yi 5 + b 6 . (7) 
By the associative law and 3) in Lemma 18.51 and 9) in Lemma 18.71 : 

63(^3X6) = (M3)x 6 = x eU9, 

632/15 + 632/3 = X62/9- (8) 
By 16) in Lemma 18.51 and 5) in Lemma 18.71 and the associative law : 

X6(63Gfe) = 6 3 (x 6 d 3 ),X62:9 = Xi 6 3 + c 8 b 3 , 
then by 1) in Lemma 18.31 and 4) in Lemma 18.71 : 

XqZ 9 = X15 + X 6 + Xg + Xg + X i5 = 2xi 5 + 2x 9 + X 6 . (9) 
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By (1) and 4) in Lemma 18.61 and 5) in Lemma 18.111 and 7) in Lemma 
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(x 6 c 8 , xi 5 ) = (x e , C 8 Xi 5 ) = 2, (x 6 c 8 , x 6 ) = (x 6 x 6 , c 8 ) = 1, 
(x 6 c 8 , Xq) = (x 6 , c 8 x 9 ) = 1, (x 6 c 8 , d 3 ) = (c 8 d 3 , Xq) = 1, 

then 

x 6 c 8 = 2xi5 + x 6 + x 9 + d 3 . (10) 
By the associative law and 9) in Lemma 18.71 and 1) in Lemma 18.91 : 

{d 3 x 6 )y 9 = {d 3 y 9 )x e ,y 15 y 9 + y 9 y 3 = b 3 x 6 + x 15 x 6 + x 9 x 6 , 

then by (6) and 6), 9) in Lemma 18.91 and 3) in Lemma 18.21 : 

2/152/9 + z 9 + b 8 + xio = b 8 + xio + 26 8 + 3xi + 2z 9 + 2c 8 

+&5 + c 5 + 2z 9 + xio + b 8 + c 8 + b 5 + c 5 , 
2/152/9 = 4xio + 36 8 + 3z 9 + 3c 8 + 2c 5 + 26 5 , 

□ 

Lemma 8.13. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , b 8 b 3 ) = 3, 
then Lemma 18.121 hold and we get the following : 

1) 2/32/15 = xio + b 8 + b 5 + c 5 + c 8 + z 9 , 

2) yj 5 = 1 + 36 5 + 6xio + 6z 9 + 5b 8 + 3c 5 + 5c 8 , 

3) X102/15 = %i5 + 36 6 + 4y 9 + c 3 + 2/3, 

4) z 9 x\o = 3xio + h + C5 + 26 8 + 2z 9 + 2c 8 , 

5) y 9 x w = 4yi 5 + 2y 9 + y 3 + b e + c 3 , 
^ 2/9C 8 = 3yi 5 + 2y 9 + 6 6 + c 3 , 

7y> z 9 2/i5 = 6yi 5 + 26 6 + 3y 9 + c 3 + y 3 , 

8) X10X15 = 3x 6 + 6x15 + b 3 + d 3 + 4x 9 , 

9) xiox 9 = 4xi5 + x 6 + 2x 9 + b 3 + d 3 , 

10) b 6 x 9 = 2xi5 + 2x 9 + x 6 , 

11) b 8 y 9 = 3yi 5 + y 3 , 

12) x 6 d 3 = yi 5 + y 3 , 

^ 6 8 yi 5 = 5yi 5 + 2b 6 + 3y 9 + c 3 + y 3 , 
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14) x 15 z 9 = 2x 6 + 6x15 + h + d 3 + 3x 9 , 

15) x 9 y 15 = 6x 15 + 2x 6 + 3x 9 + b 3 + d 3 , 

16) yi5C S = 2b e + 5yi 5 + c 3 + y 3 + 3y 9 . 

Proof. : By the associative law and 9) in Lemma 18.71 and 15) in Lemma 
[8751 and 7) in Lemma [873] : 

dl^e = 2/15 + 2 2/i52/3 + vh 
Oe + 2/3) (2^6 + 2/15 + 2/9) = 2/15 + 2yi52/3 + 2/3 > 
2&e + 2/15&6 + &eyg + 26 6 2/3 + 2/32/15 + 2/32/9 = 2/15 + 2yis2/3 + 2/3 > 

by 3) in Lemma 18.61 and 7) , 9) , 10) in Lemma 18.81 and 9) in Lemma 
[879] and 17) in Lemma [875] 

y 2 15 + 1 + c 8 + y l5 y 3 = 2 + 2b 8 + 2z 9 + 2c 8 + 2b 5 + 2c 5 + 2b 8 + 3xi 

+2z 9 + 2c 8 + 65 + c 5 + 6 8 + 2z 9 + 65 + c 5 + xio + c 8 (l). 

By the associative law and 11), 15) in Lemma 18.51 

(d 3 )yi 5 = (d 3 y 15 )d 3 , b 6 y 15 + y 3 y l5 = 2x X5 d 3 + x 6 d 3 + x 9 d 3 , 

so by 8) , 9) in Lemma 18.81 and 5) in Lemma 18.71 and 8) in Lemma 18.91 : 

26 8 + 3xio + 2z 9 + 2c 8 + b 5 + c 5 + y 3 2/is = 26 8 + 2z 9 + 2b 5 + 2c 5 + 2xi + 2c 8 

+Xio + C 8 +Xi + 6 8 + 2;9, 

2/32/15 = x 10 + b 8 + 65 + c 5 + c 8 + Zg. (2) 

then by (1), 

yf 5 = 1 + 36 5 + 6x10 + 6z 9 + 56 8 + 3c 5 + 5c 8 . (3) 

By 9) in Lemma 18.81 and 11) in Lemma 18.121 and 8) in Lemma 18.61 and 

(2) : 

(<EioZ/i5) 2/15) = (xio, 2/15) = 6, (xi yi5, &e) = (x 10 , y^h) = 3, 
(a?io2/i5, 2/9) = (xio, 2/152/g) = 4, (xi yi5, c 3 ) = (xi , 2/15C3) = 1, 
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(2/15x10, 2/3) = (xio, 2/152/3) = l- 

So 

xio2/i5 = %15 + 36 6 + 4y 9 + c 3 + 2/3- (4) 
By 16) in Lemma 18.51 and 7) in Lemma 18.91 : 

63(^3X10) = (6 3 d 3 )xi = £9^10, 
X1563 + X 6 b 3 + X963 = 29X10, 

then by 2) in Lemma 18.61 and 3) in Lemma 18.21 and 2) in Lemma 18.71 

xio + 6 8 + c 8 + z 9 + b 5 + c 5 + b 8 + xio + z 9 + x 10 + c 8 = z 9 x 1Q , 

z 9 x w = 3xio + 65 + c 5 + 26 8 + 2z 9 + 2c 8 . (5) 

□ 

Lemma 8.14. Let (A, B) satisfy Hypothesis 18.11 and (6363, b 8 b 3 ) = 3, 
then 65 7^ C5 . 

Proof. Assume 65 = C5. By 2) in Lemma 18.61 (6365, X15) = (65, 63X15) = 
1, (6365, xi 5 ) = (63x15, 65) = 1, then 

6365 = X15, (1) 

6365 = xi 5 . (2) 
By 9), 10) in Lemma 18.81 and 3) in Lemma 18.61 

(6565, Z/15) = (65, 6 6 yi 5 ) = 1, 

(6565, 2/9) = (65, b e y 9 ) = 1, 
(6 6 6 5 , b 6 ) = (65, bl) = 1, 

then 

6565 = 2/15 + 2/9 + b e - (3) 
By 4) in Lemma 18.61 and 6) in Lemma 18.91 and 6) in Lemma 18.121 

(x 6 6 5 , x 6 ) = (65, x 6 x 6 ) = 1, 
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(x 6 6 5 , x i5 ) = (65, x 6 x 15 ) = 1, 
(x&b 5 , x 9 ) = (65, x 6 x 9 ) = 1 

then 

X6b 5 = X 6 + X15 + Xg. (4) 

By 6) in Lemma 18.91 and 6) in Lemma 18.121 and 4) in Lemma 18.61 

(x 6 6 5 , xi 5 ) = (65, x 6 xi 5 ) = 1, 

(x 6 6 5 , x 9 ) = (x 6 x 9 , 65) = 1, 
(x e b 5 , x 6 ) = (xqx 6 , 65) = 1 

then 

x 6 b 5 =xi 5 + x 9 + x 6 . (5) 

By 6) in Lemma 18.91 and 8), 11) in Lemma 18.81 and 2) in Lemma 18.61 
and 3) in Lemma 18.121 

(3:1565, X 6 ) = (65, Xi 5 X 6 ) = 1, 

(X15&5) ^3) = (^15^3, 65) = 1, 
(xi 5 6 5 , xi 5 ) = (65, X15X15) = 3, 
(x 15 b 5 , x 9 ) = (65, X15X9) = 2, 
{xi 5 b 5 , 63) = (xi 5 6 3 , 65) = 1, 

X1565 = x 6 + 3xi5 + 2x 9 + b 3 + d 3 . (6) 



then 



By 6) in Lemma 18.91 and 8), 11) in Lemma 18.81 and 3) in Lemma 18.121 
and 2) in Lemma 18.61 

(Xl5& 5 , X 6 ) = (65, Xl 5 X 6 ) = 1, 

(zi5&5, d 3 ) = (65, xi 5 d 3 ) = 1, 
(xi 5 6 5 , xi 5 ) = (X15X15, 65) = 3, 

(X1565, Xg) = (X15X9, 65) = 1, 
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(xish, h) = (x 15 b 3 , b 5 ) = 1, 

then 

Xl 5 b 5 = ^6 + 3^15 + 2xg + 63 + d 3 . (7) 

By 3), 6) in Lemma 18.121 and 7) in Lemma 18.111 

(x 9 b 5l 2i 5 ) = (X9X15, 65) = 2, 

(xgb 5 , X 6 ) = (65, XgX 6 ) = 1, 
(xgb 5 , Xg) = (xgXg, 65) = 1, 

then 

Xgb 5 = 2X15 + Xq + Xg. (8) 

By 3), 6) in Lemma 18.121 and 7) in Lemma 18.111 

(Xgb 5 , X 15 ) = (x 9 X 15 , 65) = 2, 

(X965, X 6 ) = (65, XgX 6 ) = 1, 
(xgb 5 , Xg) = (xgXgXg, 65) = 1, 

then 

Xgb 5 = 2x 15 +X 6 + Xg. (9) 

By 9) in Lemma 18.81 and 1), 2) in Lemma 18.131 and 11) in Lemma 18.121 
and 8) in Lemma 18.61 

(2/15^5, b e ) = (65, yi 5 6 6 ) = 1, 

(2/1565, 2/15) = (65, 2/15) = 3 , 
(2/1565, 2/3) = (2/152/3, 65) = 1, 
(2/1565, c 3 ) = (65, yi 5 c 3 ) = 1, 
(2/1565, 2/9) = (65, 2/152/g) = 2, 



then 



2/1565 = 6 6 + 3yi 5 + 2yg + c 3 + y 3 . (10) 
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By 11) in Lemma 18.121 and 10) in Lemma 18.81 and 4) in Lemma 18.111 

(2/965, yib) = (h, 2/92/15) = 2, 

(2/9&5, b e ) = (6 5 , y 9 b e ) = 1, 
(2/965, 2/9) = (65, 2/9) = 1, 

then 

y 9 fe 5 = 2yi 5 + be + 2/9. (11) 

By 8) in Lemma 18.81 , 

(d 3 b 5 , 215) = (d 3 a;i5, 65) = 1, 
(^365, X15) = {h, d 3 x 15 ) = 1, 

then 

^3^5 = x 15 , (12) 

d 3 b 5 = X15- (13) 

Then by 16) in Lemma 18.51 and associative law: 

h(hd 3 ) = (63^3)65, ^15^3 = ^9&5, 
then by 2) in Lemma 18.61 

z 9 b 5 = x w + 6 8 + c 8 + 2:9 + 65 + c 5 . (14) 
By 1) in Lemma [87131 (2/365, 2/15) = (h, 2/32/15) = 1, then 

2/3&5 = 2/15- (15) 
Then 1 = (y 3 b 5 , y 3 b 5 ) = (6jj, y§), then by 17) in Lemma D 

(&|, <%) = 1, (16) 
By (1), (2) we get 1 = (6365, b 3 b 5 ) = {b 3 b 3 , &§), then by Hypothesis 

& 8 ) = 1. (17) 
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By (2), (12) 1 = (d 3 b 5 , b 3 b 5 ) = (d 3 b 3 , 6§), then by 16) in Lemma EH 
z 9 ) = 1, so by (16), (17), we get 

bj = c 8 + b 8 + z 9 . (18) 

By (1) 1 = {b 3 b 5 , b 3 h) = (hh, b 5 b 5 ), then by Hypothesis EH 

(hh, b s ) = 0. (19) 

By (2), (4) , 1 = (X6&5, 63^5) = {xob 3 , ^565), then by 3) in Lemma 18.21 and 
(19): 

(6565, X10) = 1. 

By (13), 3 = (6 6 6 5 , b 6 b 5 ) = (&§, 6565), so by 3) in Lemma ES m 5 = 65, or 
7715 = 65, in the two cases (6565, 65) 7^ or (6565, 65) 7^ 0, a contradiction 
to (18). □ 

Lemma 8.15. Let (A, B) satisfy Hypothesis 18.11 and (b 8 b 3 , 6363) = 3, 
then Lemma 18.131 hold and we get following: 

1) 6365 = xi 5 ; 

2) b 3 b 5 = xi 5 ; 

3) b 6 b 5 = b 6 + y 15 +y 9 ; 

4) 6 6 c 5 = 6 6 +yi 5 + y 9 ; 

5) b 5 x 6 = X15 + x 9 + x 6 ; 

6) c 5 x 6 = X15 + x 9 + x 6 ; 

V X1565 = x 6 + d 3 + 3xi5 + 63 + 2x 9 ; 
8) X15C5 = x 6 + d 3 + 3xi5 + ^3 + 2x 9 ; 
5j X965 = 2x15 + x 6 + x 9 ; 
iOj X9C5 = 2x15 + x 6 + x 9 ; 

11) 2/15&5 = ^6 + 2/3 + 3yi 5 + 2y 9 + c 3 ; 

12) 2/15C5 = &6 + 2/3 + 3yi5 + 2y 9 + c 3 ; 
^ y 9 6 5 = 2yi 5 + 6 6 + y 9 ; 

2/9C5 = 2yi 5 + h + yg; 
d 3 b 5 = xi 5 ; 
iffj d 3 c 5 = xi 5 ; 

17) z 9 b 5 = xio + b s + c 8 + z 9 + 65 + c 5 ; 
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18) z 9 c 5 = xio + b 8 + c 8 + z 9 + 6 5 + c 5 ; 

19) 2/3^5 = y 15 ; 

20) y 3 c 5 = y 15 ; 

21) c 5 b 5 = c 8 + 6 8 + z 9 ; 

22) 6 8 6 5 = x w + b 8 + c 8 + c 5 + z 9 ; 

23) 6 8 c 5 = xio + b 8 + c 8 + c 5 + z 9 ; 
^ 62 = 1 + 6 5 + z 9 + x w ; 

25) c§ = 1 + c 5 + z 9 + xio; 
Itfj 65x10 = 2xio + 6 8 + z 9 + 65 + c 8 ; 
27) C5X10 = 2xio + 6 8 + z 9 + c 5 + c 8 ; 
2<Sj c 8 6 5 = 6 8 + z 9 + c 5 + xio + c 8 ; 

25,) C 8 C 5 = 6 8 + Zg + Xio + c 8 + 65. 

Proof. By 2) in Lemma [876] , (6365, x 15 ) = (63X15, 65) = 1, (6 3 c 5 , x 15 ) = 
(63X15, c 5 ) = 1, then 

6365 = X15, (1) 

&3C5 = ^15- (2) 

By 9), 10) in Lemma 18.81 and 3) in Lemma 18.61 

(W>5, b 6 ) = (bj, 65) = 1, (6 6 c 5 , 6 6 ) = (bj, c 5 ) = 1. 
(beh, yis) = (h, b e y 15 ) = 1, (6 6 c 5 , y 15 ) = (c 5 , 6 6 yi 5 ) = 1. 
(beh, 2/9) = (h, b 6 y 9 ) = 1, (6 6 c 5 , yg) = (c 5 , 6 6 y 9 ) = 1. 
then 

6566 = 6 6 + 2/15 + y 9 (3), 
&6C5 = 2/15 + 2/9 + V (4) 

By 4) in Lemma 18.61 and 6) in Lemma 18.91 and 6) in Lemma 18.121 

(6 5 x 6 , x 6 ) = (65, x£x 6 ) = 1, (c 5 x 6 , x 6 ) = (c 5 , x£x 6 ) = 1. 

(65X6, X15) = (X 6 X1 5 , 65) = 1, (C 5 X 6 , X15) = (X 6 X15, C 5 ) = 1. 
(6 5 X 6 , Xg) = (X 6 X^, 65) = 1, (C 5 X 6 , Xg) = (x 6 X^, C 5 ) = 1. 

then 

6 5 x 6 = x 6 + X15 + Xg (5), 

C 5 X 6 = X15 + Xg + X 6 . (6) 
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By 6) in Lemma 18.91 and 8), 11) in Lemma 18.81 and 2) in Lemma 18.61 
and 3) in Lemma 18.121 

(3C1565, x 6 ) = (65, x"i 5 x 6 ) = 1, (X15C5, x 6 ) = (c 5 , x 15 x 6 ) = 1. 
O15&5, d s ) = {x 15 d 3 , b 5 ) = 1, (xi 5 c 5 , S 3 ) = {x 15 d 3 , c 5 ) = 1. 
(x 15 b 5 , xi 5 ) = (X15X15, b 5 ) = 3, (xi 5 c 5 , xi 5 ) = (x 15 x 15 , c 5 ) = 3. 

Ol5&5, ^3) = (&5, ^15^3) = 1, (X15C5, h) = (c 5 , X1563) = 1. 
(X1565, 2g) = (65, X15X9) = 2, (X15C5, Xg) = (X15X9, c 5 ) = 2. 

then 

xi 5 6 5 = x 6 + d 3 + 3xi5 + 63 + 2x 9 (7), 



X15C5 = x 6 + d 3 + 3xi5 + ^3 + 2x 9 . (8) 
By 3), 6) in Lemma 18.121 and 7) in Lemma 18.111 

(x 9 6 5 , X15) = (65, X9X15) = 2, (X9C5, X i5 ) = (c 5 , X9X15) = 2. 
(X965, X 6 ) = (65, X 9 X 6 ) = 1, (X9C5, X 6 ) = (c 5 , XgX 6 ) = 1. 
(X965, Xg) = (65, XgXg) = 1, (x 9 C 5 , Xg) = (c 5 , XgXg) = 1. 

then 

x 9 b 5 = 2x15 + x 6 + Xg, (9) 



XgC 5 = 2xi5 +X 6 +Xg. (10) 

By 9) in Lemma 18.81 and 1), 2) in Lemma 18.131 and 11) in Lemma 
[87T21 and 8) in Lemma [876) 

(2/15&5, b 6 ) = (2/15&6, 65) = 1, (2/15C5, M = (2/15&6, c 5 ) = 1. 

0/15 &5> 2/3) = (2/152/3) M = 1, (2/15C5, 2/3) = (2/152/3, c 5 ) = 1. 
(2/15&5, 2/15) = (&5, 2/15) = 3 , (2/15C5, 2/15) = (2/15) c 5) = 3. 

(2/15^6, c 3 ) = (yi 5 c 3 , 6 6 ) = 1, (2/15C5, c 3 ) = (2/15C3, c 5 ) = 1. 

(2/15&5, 2/9) = (2/152/9, M = 2, (2/15C5, 2/9) = (C5, 2/152/9) = 2. 
Then 

2/15^5 = ^6 + 2/3 + 3yi 5 + 2y 9 + c 3 , (11) 

2/15C5 = + 2/3 + 3yi 5 + 2y 9 + c 3 . (12) 
By 11) in Lemma 18. 121 and 10) in Lemma [878] and 4) in Lemma 18. Ill 
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(Z/9&5, 2/15) = (&5, 2/92/15) = 2, (y 9 c 5 , 2/15) = (C5, 2/92/is) = 2. 
(J/9&5, h) = (y 9 6 6 , 65) = 1, (y 9 c 5 , 6 6 ) = (y 9 6 6 , c 5 ) = 1. 

(2/965, 2/9) = (65, 2/g) = 1, (2/9C5, 2/9) = (C5, 2/g) = 1- 
then 

2/9&5 = 2yi 5 + 6 6 + 2/9, (13) 



2/9C5 = 2yi 5 + 6 6 + y 9 . (14) 

By 8) in Lemma I8.8| (d 3 b 5 , x 15 ) = (d 3 x 15 , b 5 ) = 1, (d 3 c 5 , x 15 ) = 
(d 3 x 15 , c 5 ) = 1. 
then 

d 3 b 5 = x 15 , (15) 



d 3 c 5 = zi 5 . (16) 

So by the associative law and 16) in Lemma 18.51 we get (63^3)65 = 
63(^365), (hd 3 )c 5 = b 3 (d 3 c 5 ), z 9 b 5 = 63x15, z 9 c 5 = 63X15, then by 2) in 
Lemma 18.61 , 

z 9 b 5 = xio + 6 8 + c 8 + z 9 + 65 + c 5 , (17) 



Z9C5 = X10 + &8 + c 8 + z 9 + 65 + c 5 . (18) 

By 1) in Lemma EH] , (y 3 6 5 , j/ 15 ) = (65, y 3 yi 5 ) = 1, (y 3 c 5 , y 15 ) = 
(C5, 2/32/15) = 1, then 

2/3^5 =1/15, (19) 



^3C5 = 2/15- (20) 

So (2/i> & i) = (2/3^5, 2/365) = 1, (2/3, c 5 & 5) = (2/365, 2/3C5) = 1, then by 17) 
in Lemma[8T5], (c 5 6 5 , c 8 ) = 1. By (1), (2), (6363, 6 5 c 5 ) = (6365, 6 3 c 5 ) = 1. 
then by Hypothesis Ell (c 5 6 5 , 6 8 ) = 1. By (17), 

C565 = c 8 + 6 8 + z 9 . (21) 
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By the associative and Hypothesis 18.11 and (1), (2), it follows that^b^b^ = 
(6365)63, (hh)c5 = {hc5)h, h + 6 8 6 5 = x 15 b 3 , c 5 + 6 8 c 5 = x 15 b 3 , then by 
2) in Lemma 18.61 

6 8 6 5 = x w + b 8 + c 8 + c 5 + z 9 , (22) 

6 8 c 5 = xio + b 8 + c 8 + 6 5 + z 9 . (23) 

By 5) in Lemma l8~T6l (x w b 5 , x 10 ) = (b 5 , xf ) = 2, (x w c 5 , x 10 ) = 
( c 5, »io) = 2 - % (22) and (23), {x w b 5 , 6 8 ) = (x 10 , 6 5 6 8 ) = 1, (xi c 5 , 6 8 ) = 
(»io, c 5 6 8 ) = 1. By (17), (18), (x 10 b 5 , z 9 ) = (x 10 , z 9 b 5 ) = 1, (xi c 5 , b 8 ) = 
(xio, c 5 6 8 ) = 1, (&J, z 9 ) = (6 5 , 65Z9) = 1 and (c§, z 9 ) = (c 5 , c 5 z 9 ) = 1. 

By (19), (20), we come to (yf, 6§) = (y 3 b 5 , y 3 b 5 ) = 1, (yf, c§) = 
(2/3C5, y 3 c 5 ) = 1, then by 17) in Lemma ES (6§ , c 8 ) = 0, (dj, c 8 ) = 0. 

By (1) and (2), we see that (6363, &§) = (6365, 6365) = 1, (Ms, eg) = 
(63C5, 63C5) = 1, then by Hypothesis Ell (&§, 6 8 ) = 0, (c§, 6 8 ) = holds. 

By (5), (6), (15) and (16), (6|, d 3 x 6 ) = (Ms, 6 5 x 6 ) = 1, (cf, d 3 x 6 ) = 
(c 5 d 3 , c 5 x 6 ) = 1, so by 5) in Lemma EH (6|, x 10 ) = 1, (eg, x 10 ) = 1. 

By (5), (21) and (6) we have the following inner-products: (6§, X6X6) = 
(6 5 x 6 , 6 5 x 6 ) = 3, (cf, x 6 x 6 ) = (c 5 x 6 , c 5 x 6 ) = 3. (c§, 65) = (c 5 , c 5 6 5 ) = 
and (6§, c 5 ) = (65, 6 5 c 5 ) = 0, then by 4) in Lemma 18.61 (6g, 65) = 
1, (eg, c 5 ) = 1, hence 

65 = 1 + 65 + Z 9 + Xio, eg = 1 + 65 + Z 9 + Xio- 

So (65X10, 65) = (xio, 65) = 1, (C5X10, cs) = (xio, eg) = 1. 

By 14) in Lemma l8.5l and (15), (16), one has 65(^3^3) = ^3(65^3), 05(^3^3) = 
d 3 (c 5 d 3 ). Hence 65 + c 8 6 5 = x"i 5 d 3 , c 5 + c 8 c 5 = d 3 x"i 5 . 

Therefore by 8) in Lemma 18.81 we have equations c 8 6s = 6 8 + z 9 + C5 + 
xio + c 8 and c 8 c 5 = 6 8 + z 9 + xi + c 8 + 65. Consequently (65X10, c 8 ) = 
(xio, 6 5 c 8 ) = (xio, c 5 c 8 ) = 1. 

At last we get 65X10 = c 8 + 2xio + 6 8 + z 9 + 6 8 + z 9 + 65 and C5X10 = 
2xio + 6 8 + z 9 + c 5 + c 8 . 

□ 
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Theorem 8.1. Let (A, B) be a NIT A generated by an non-real element 
63 € B of degree 3 and without non-identity basis element of degree 1 or 2, 
such that: b 3 b 3 = I + b 8 and b 3 = C3 + b$, C3 = S3, (b 8 b 3 , ^3) = 3. Then 
(A, B) is a table algebra of dimension 22: 

B = {h, b 3 , b 3 , c 3 , 6 6 , x 6 , x 6 , b 8 , x 15 , x 15 , x w , x 9 , x 9 , y 15 , y 9 , d 3 , d 3 , z 9 , c 8 , 65, c 5 , y 3 } 

and B has increasing series of table subsets {bi} C {b±, bs, xio, z 9 , c$, 65, C5} C 
B defined by: 

1) 6363 = l + 6 8 ; 

2) b 2 3 = c 3 + b 6 ; 

3) b 3 c 3 = b 3 + x 6 ; 

4) foh = h + x 15 ; 

5) b 3 x 6 = c 3 + yi 5 ; 

6) b 3 x 6 = b 8 + x 10 ; 

V hh = x e + 63 + x 15 ; 

8) b 3 x 15 = 2yi 5 + 6 6 + y 9 ; 

9) 63x10 = X15 + x 6 + x 9 ; 

10) b 3 xi 5 = x w + b 8 + z 9 + c 8 + b 5 + c 5 ; 

11) b 3 x 9 = y 9 + yi$ + y 3 ; 

12) b 3 x 9 = xio + z 9 + c 8 ; 

13) b 3 y 15 = 2x15 + xq + x 9 ; 
U) hV9 = d 3 + xi 5 + x 9 ; 

15) b 3 d 3 = z 9 ; 

16) b 3 d 3 = y 9 ; 

17) b 3 z 9 = x 9 + d 3 + xi 5 ; 

18) b 3 c 8 = X15 + x 9 ; 

19) 6365 = xi 5 ; 

20) 63C5 = xi 5 ; 

21) b 3 y 3 = x 9 ; 

22) c 2 3 = 1 + b 8 ; 

23) c 3 b 6 = b 8 + x 10 ; 

24) c 3 x 6 = 63 + xi 5 ; 

25) c 3 b 8 = b 6 + c 3 + yi 5 ; 

26) C3X15 = 2x15 +^6 + x 9 ; 
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27) c 3 x w = b 6 + y 15 + y 9 ; 

28) c 3 xg = d 3 + X15 + x 9 ; 

c 3 yi 5 = xio + b 8 + z 9 + c 8 + b 5 + c 5 ; 
5^ c 3 y 9 = z 9 + xio + c 8 ; 

31) c 3 d 3 = x 9 ; 

32) c 3 z 9 = y 3 + y 9 + y 15 ; 

33) c 3 c 8 = y 9 + yi 5 ; 
C365 = yi 5 ; 

35j C3C5 = y 15 ; 

36) c 3 y 3 = z 9 ; 

37) b 2 6 = l + b 8 + z 9 + c 8 + b 5 + c 5 ; 

38) fe 6 x 6 = 2x 6 + xi 5 + x 9 ; 
55; 6 6 6 8 = 2y 15 + b 6 + y 9 + c 3 ; 

40) b 6 x 15 = 4xi5 + x 6 + 2x 9 + 63 + d 3 ; 

41) b 6 x w = c 3 + 3y 15 + y 9 + y 3 ; 

42) b 6 x 9 = 2x15 + 2x 9 + x 6 ; 

43) hyi 5 = 2b 8 + 3xio + 2z 9 + 2c 8 + h + 05; 

44) b 6 y 9 = b 8 + 2z 9 + c 8 + x w + 65 + c 5 ; 

45) b e d 3 = d 3 + x 15 ; 

46) b 6 z 9 = 2yi 5 + 2y 9 + fe 6 ; 

47) b 6 c 8 = b 6 + y 3 + y 9 + 2y 15 ; 

48) b 6 b 5 = y 15 + y 9 + b e ; 

49) 6 6 c 5 = yi5 + 6 6 + y 9 ; 

50) b 6 y 3 = xio + c 8 ; 

5ij x§ = 2fe 6 + 7/15 + yg; 

52) X6X6 = 1 + b 8 + z 9 + c 8 + 65 + C5; 
53j x 6 6 8 = b 3 + 2x15 + + x 9 ; 

x 6 xi 5 = %i 5 + b 6 + 2y 9 + c 3 + y 3 ; 

55) x 6 xi = h + 3xi5 + d 3 + x 9 ; 

56) x 6 xi5 = 26 8 + 3xio + 2z 9 + 2c 8 + 65 + c 5 ; 

57) x 6 x 9 = 2yi 5 + 2y 9 + b 6 ; 

58) x 6 x 9 = xio + 6 8 + 2z 9 + c 8 + 65 + c 5 ; 

59) x 6 yi5 = 4xi5 + 2x 9 + x 6 + 63 + d 3 ; 

60) x 6 y 9 = 2x15 + 2x 9 + x 6 ; 
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61) x 6 d 3 = xio + c 8 ; 

62) x 6 d 3 = J/15 + y 3 ; 

63) x G z 9 = 2x 9 + 2xi5 + x 6 ; 

64) X 6 C 8 = 2xi5 + x 6 + x 9 + d 3 ; 

65) x 6 6 5 = x 6 + xi 5 + x 9 ; 

^ X 6 C 5 = Xi 5 + X 9 + X 6 ; 

67) x e y 3 = d 3 + x 15 ; 

68) bj = 1 + 2b 8 + 2xio + ^ 9 + c 8 + 6 5 + c 5 ; 
<J5j 6 8 xi = 2xio + 2z 9 + 2c 8 + 26 8 + b 5 + c 5 ; 
70j 6 8 x 9 = 3xi5 + 2xg + + d 3 ; 

7^ &syi5 = %15 + 26 6 + 3y 9 + c 3 + y 3 ; 
72j 6 8 y 9 = 3yi 5 + 2y 9 + 6 6 + y 3 ; 

73) b 8 d 3 = xi 5 + x 9 ; 

74) b 8 z 9 = 2xio + h + 2c 8 + 2z 9 + 65 + c 5 ; 
75j 6 8 c 8 = 2xio + 2z 9 + 6 8 + c 8 + 65 + c 5 ; 
76^ 6 8 6 5 = 6 8 + z 9 + c 5 + c 8 + xio; 

77) 6 8 c 5 = 6 8 + xio + c 8 + z 9 + 65; 
7#j & 8 y 3 = yg + 2/15/ 

75J 6 8 xi 5 = 5xi5 + 2x 6 + 3x 9 + 63 + d 3 ; 

80) x 2 15 = 9yi 5 + 46 6 + 6y 9 + 2c 3 + 2y 3 ; 

81) X15X10 = 3x 6 + 6x15 + 63 + d 3 + 4x 9 ; 

5^ X15X15 = 5fe 8 + 6x10 + 6z 9 + 5c 8 + 36 5 + 3c 5 + 1; 
55^ xi 5 x 9 = 6yi 5 + 3y 9 + 2b 6 + c 3 + y 3 ; 

84) xi 5 x 9 = 36 8 + 4xio + 3z 9 + 3c 8 + 26 5 + 2c 5 ; 

85) x 15 y 15 = 4x 6 + 9xi5 + 6x 9 + 2b 3 + 2d 3 ; 

86) xi 5 y 9 = 6x15 + 2x6 + 3x 9 + 63 + d 3 ; 

87) x 15 d 3 = b 8 + z 9 + 65 + c 5 + xio + c 8 ; 

88) x 15 d 3 = 2yi 5 + y 9 + 6 6 ; 

<§5j xi 5 z 9 = 2x 6 + 6x15 + b 3 + d 3 + 3x 9 ; 
50) xi 5 c 8 = 5xi5 + 2x 6 + 3x 9 + 63 + d 3 ; 

91) X15&5 = x 6 + 3xi5 + 2x 9 + 63 + d 3 ; 

92) X15C5 = x 6 + 3xi5 + 2x 9 + 63 + d 3 ; 
f5j xi 5 y 3 = x 6 + 2x15 + x 9 ; 

94) xf = 1 + 26 8 + 2xio + 2c 8 + 26 5 + 2c 5 + 3z 9 ; 
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95) Xi Xg = 63 + 4X15 + ^3 + 2x 9 + X 6 ,' 

96) xi yi5 = 6yi 5 + 36 6 + 4yg + c 3 + 2/3; 
xioyg = 4yi 5 + 2y 9 + 2/3 + ^6 + c 3 ; 

5<Sj xi d 3 = xi 5 + x 6 + x 9 ; 

xio^g = 3xio + h + c 5 + 26 8 + 2z 9 + 2c 8 ; 



100) 


Xi C 8 


= 2xio + 2c 8 + 26 8 + 2z 9 + 65 + e 5 ; 


101) 


X10&5 


= 6 8 + 2xio + zg + c 8 + 65; 


102) 


X10C5 


= b$ + z 9 + c 5 + 2xio + c 8 ; 


103) 


^102/3 


= 2/15 + 2/9 + &6,' 


104) 


Xg = 


2/3 + c 3 + 26 6 + 3yi 5 + 2y 9 ; 


105) 


XgXg 


= 1 + 26 8 + 2xio + 2c 8 + 2z 9 + b 5 + c 5 ; 


106) 


^92/15 


= 6x15 + 2x 6 + 3xg + 63 + d 3 ; 


107) 


^92/9 : 


= d 3 + 3xi5 + 2xg + 63 + 2x 6 ; 


108) 


Xgd 3 


= xio + 6 8 + £g; 


109) 


Xgd 3 


= 2/9 + C3 + 2/15; 


110) 


XgZg : 


= 3xi5 + 2x 9 + 2x 6 + 63 + d 3 ; 


111) 


Xg&5 : 


= 2xi5 + X6 + Xg; 


112) 


xgc 5 : 


= 2x15 + x 6 + x 9 ; 


113) 


2^92/3 : 


= 6 3 +Xg + X15; 


114) 


2/15 = 


1 + 36 5 + 6x10 + 6zg + 56 8 + 3c 5 + 5c 8 


115) 


2/152/9 


= 4xio + 36 8 + 3zg + 3c 8 + 2c 5 + 26 5 ; 


116) 


2/15^3 


= 2x15 + x 6 + x 9 ; 


117) 


2/15^9 


= 62/15 + 26 6 + 32/9 + c 3 + 2/3/ 


118) 


2/15C8 


= 2b 6 + 5y 15 + c 3 + y 3 + 3y 9 ; 


119) 


2/15^5 


= 6 6 + 3yi 5 + 2y 9 + c 3 + r/ 3 ; 


120) 


2/15C5 


= &6 + c 3 + 3yi5 + 2/3 + 2i/g; 


121) 


2/152/3 


= ^5 + &8 + *9 + C5 + xio + c 8 ; 


122) 


% 2 = 


1 + 2z 9 + 26 8 + 2c 8 + 2xio + h + c 5 ; 


123) 


2/94 : 


= ^3 + Xlb + £9; 


124) 


2/9^9 : 


= 3yi5 + 26 6 + 2y 9 + c 3 + 3/3 ; 


125) 


2/9C8 = 


= 3yi5 + 2y 9 + 6 6 + c 3 ; 


126) 


2/9^5 = 


= 2yi 5 + 6e + 2/9/ 


127) 


2/9C5 = 


= 2yi5 + 2/9 + &6/ 


128) 


2/92/3 : 


= z 9 + 6 8 + xio; 
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129) 




= l + c 8 ; 


130) 


4 = 


^6 + 2/3/ 


131) 


d3Z9 


= h + x 15 + x 9 ; 


132) 


d 3 c 8 


= xi 5 + d 3 + x 6 ; 


133) 


d 3 b 5 


= X15; 


134) 


d3C5 


= X15; 


135) 


d3V3 


= d 3 + x 6 ; 


136) 


7 2 - 


1 + 2xio + 2z 9 + 26 8 + 2c 8 + 6 5 + c 5 


137) 


Z9C8 


= 2x 10 + 26 8 + 2z 9 + b 5 + c 5 + c 8 ; 


138) 


^9&5 


= Xio + b$ + Z9 + c 8 + 65 + C5; 


139) 


Z9C5 


= xio + 6 8 + z 9 + c 8 + 65 + c 5 ; 


140) 


Z9V3 


= 2/9 + C3 +2/15/ 


141) 


r 2 - 


1 + 2c 8 + 2xio + h + Z9 + h + c 5 ; 


142) 


rJr 


= 6 8 + Z9 + c 5 + xio + c 8 ; 


143) 


C8C5 


= 6 8 + z 9 + xio + c 8 + 65; 


U4) 


C82/3 


= ^6 + 2/3 + 2/15; 


145) 


bi = 


1 + 65 + xw + ^9/ 


146) 


&5C5 


= 6 8 + Z9 + c 8 ; 


147) 


hV3 


= 2/15/ 


148) 


r 2 - 


1 + + Xio + C5/ 


149) 


C52/3 


= 2/15/ 


150) 


vl = 


1+C 8 . 



Proof. The equations hold by lemmas 8.1-8.13 and 8.15. □ 
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